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A new direction in quantum computing, which has traditionally centered around the discrete
variable paradigm, is the inclusion of continuous variable modes and the consideration of a hybrid
continuous-discrete approach to quantum computing. In this perspective paper, we discuss some
of the advantages of this modality, and lay out a number of potential applications that can make
use of it; these include applications from physics, chemistry, and computer science. We also briefly
overview some of the algorithmic and software considerations for this new paradigm.
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I. INTRODUCTION

The last decade has seen a rapid rise in the availability,
capabilities, and algorithms designed for quantum com-
puters. The move from the laboratory into an industry
setting has further accelerated the already growing field,
and has taken the theoretical developments over the past
decades and put them to use in applications from stock
portfolio optimization [2] to simulations of quantum chro-
modynamics [3].

The primary building block for these advances has
been the qubit — a well-controlled two-level system, of
any origin, that can be used to implement quantum al-
gorithms and simulate other quantum systems. Since
any two level system can be used as such, the options
are varied and they include nuclear [4, 5] and electron
spins [6], pairs of levels in natural atoms [7], ions [8–11],
and color centers [12], as well as synthetic atoms such as
quantum dots [13] and superconducting qubits [14–20],
and various possible hybrid systems [21, 22]. These typ-
ically have an algebra similar to spins; some local (anti-
)commutation relations but nothing broader. Notably
different are bosons and fermions, and some recent ex-
tensions have been proposed that build two-level systems
out of these[18, 22–24]. These options have been explored
to some extent for quantum simulations, but remain rela-
tively unexplored in the context of quantum computation
[25–27].

Bosons are in particular different; a single bosonic
mode or harmonic oscillator has a countable infinity of
states and can therefore be characterized by a continu-
ous variable (CV), in stark contrast to both qubits and
fermions. A recent development has been to hybridize
the CV architecture with the traditional discrete variable
(DV, qubit) architecture. These situations have naturally
existed in both ion-trap and superconducting circuit sys-
tems, but have not yet been exploited. Yet they deserve
to be better known, because they offer a number of pow-
erful advantages over more traditional qubit-only systems
for quantum error correction [28–30], quantum simula-
tions [31, 32], efficient state tomography [33, 34], and
potentially for quantum algorithms [35–39]. These ad-
vantages are starting to be experimentally realized, and
system development for such hybrid hardware is in the
early stages of scaling up to large sizes. The superpo-
sition principle and the Born Rule of quantum mechan-
ics ensure that DV systems have both digital and ana-
log characteristics. These characteristics of hybrid CV-
DV systems bring unique opportunities for demonstrat-
ing quantum utility, not only against classical computers
but also against qubit-based quantum computers.

With the field heading towards a broader incorpora-
tion of mixed CV-DV paradigm, it is incumbent upon us
to consider the possible advantages that can be gained
by current and future developments in this direction.
The purpose of this work is to outline several problems
from natural and computational science that could ben-
efit from being treated in a mixed-mode representation,

rather than purely one or the other. We will present
examples from physics and chemistry, where it is quite
natural to find fermions (typically electrons) coupled to
bosonic modes such as lattice vibrations (phonons), co-
herent light fields (photons) or other emergent bosonic
modes. Beyond the physical sciences, we will consider ex-
ample problems from optimization, factoring, data com-
pression, differential equations, and sensing. For each of
these, we will discuss the problem, which may appear in
one or more guises, and outline the problem in the con-
text of CV/DV hardware. We finish with a discussion on
fault-tolerance and the current state of algorithms and
software for CV-DV systems.
We begin with a discussion of the general advantages

of hybrid CV-DV systems, and how problems of interest
may be mapped on such hardware in Sec. II. Following
that, we highlight a number of open problems of interest
from the natural science in Sec. III to general comput-
ing problems in Sec. IV that could make use of a hybrid
CV-DV architecture, outlining the problem structure, de-
sired observables, and possible necessary algorithms. We
briefly suggest novel algorithms, software, and techniques
that are enabled by a hybrid architecture in Sec. V before
making some closing remarks in Sec. VI.

II. GENERAL ADVANTAGES OF HYBRID
CV-DV COMPUTATION

The advantages of hybrid CV-DV quantum compu-
tation for general computational problems are multi-
fold. The first comes from the continuous or infinite-
dimensional nature of the state space of a qumode. This
feature allows for mapping of any continuous degrees of
freedom (or state variables) in the underlying problems
directly to quadratures of one or a few qumodes, as op-
posed to many qubits. This can significantly reduce map-
ping overhead without unnecessary discretization errors.
As is highlighted in Secs. III and IV, examples of this
kind of advantage include mixed fermi-boson matter and
quadratic unconstrained binary optimization.
The second advantage comes from the unique quan-

tum statistics of the CV hardware, which makes simple
CV operations extremely non-trivial to compute in the
DV computational basis. For example, bosonic creation
and annihilation operations on Fock states can be viewed
as performing a square-root arithmetic operation on all
positive integers. Moreover, free evolution of CV sys-
tems, such as bosonic oscillators or quantum rotors, can
be viewed as performing the quantum Fourier transform,
a key computational primitive for quantum computation
[40]. This advantage directly facilitates the simulation of
boson-containing quantum matter [31, 32, 41–45], where
mapping such operations into DV frameworks is other-
wise prohibitively costly.
Another advantage of the hybrid approach lies in the

choice of the universal gate set. As is well known, due to
the Gottesman–Knill theorem, the set of Clifford gates is
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Figure 1. Applications of hybrid CV-DV quantum computing in Natural sciences and beyond. Part of the chemistry panel is
adapted with permission from [1]. Copyright@2025 American Chemical Society.

not universal and must be supplemented by the T -gate
to achieve universal quantum computing. Likewise in the
CV case, one cannot rely solely on Gaussian gates; one
must either employ the cubic (or higher-order) phase gate
or use photon-number detection as the non-Gaussian ele-
ment (similar to the Knill–Laflamme–Milburn criterion).
In the hybrid CV-DV setup, we can achieve universal
quantum computing without using either non-Gaussian
CV or non-Clifford DV gates just by having access to
controlled position displacement in the Z- and X-basis,
i.e., U(α) = exp(−iα σz ⊗X), U(β) = exp(−iβ σx ⊗X),
and controlled momentum displacement in the Z-basis,
i.e., U(γ) = exp(−iγ σz ⊗ P ). Together with the ability
for two qubits to couple to a common oscillator mode,
and for a single qubit to couple to multiple oscillators,
these operations suffice for universality in the hybrid set-
ting [46]. Depending on the physical platform, this route
may be experimentally more accessible than other known
universal gate constructions, providing a potential imple-
mentation advantage.

Last but not least, from a fault-tolerant perspective,
quantum information can be encoded redundantly in hy-
brid CV-DV devices composed of multiple qubits and
qumodes. This redundancy in a high-dimensional space
with a relatively simple hardware error mechanism allows

the encoding and manipulation of logical DV [28, 29, 47–
52] and CV [53–56] quantum information with relatively
low overhead. Break-even for logical qubits in these
bosonic QEC codes has recently been experimentally
demonstrated [57–60]. The encoding of a logical sub-
space in multiple CV systems that preserves the unique
CV statistics (bosonic or rotor-like) is crucial for hybrid
CV-DV quantum advantages over purely DV systems,
because it allows long coherent quantum computation to
be performed on virtual devices with CV characteristics.

Mapping strategies

The advantages of hybrid CV-DV computation rely on
mapping strategies from the problem’s degrees of freedom
to logical hybrid CV-DV degrees of freedom. There are
two steps to consider in the mapping: i) pick state vari-
ables of the underlying problem to represent the problem;
ii) choose a computational basis on the hybrid CV-DV
hardware to encode the given state variables. Step i) has
also been considered for quantum computation with DV
devices, although often one should consider both i) and
ii) holistically for the best mapping strategy. The guid-
ing principle for the best mapping strategy is one such
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that the required computational process can be most suc-
cinctly represented (relevant to space resource cost) on
and performed (relevant to circuit depth and time re-
source cost) by the hybrid CV-DV quantum hardware.

For qubits, the choice of computational basis is rela-
tively boring, because most likely one chooses the Pauli-Z
eigenstates {|0⟩ , |1⟩}. An alternative computational ba-
sis such as {|+⟩ , |−⟩} can be used, but this does not often
lead to significant computational advantages compared
to the Z-basis. What makes CV quantum hardware in-
teresting is that there are many different sets of bases
to serve as computational bases where the complexity of
solving the same problem can be very different depending
on the mapping.

The states of a bosonic mode’s Hamiltonian Ĥ = ℏωn̂
define a countably infinite set of basis vectors {|n⟩} for
(n = 0, 1, 2, · · · ), called the number states or Fock states,
where n̂ = b†b is the photon number operator with n the
associated eigenvalue (we use ℏω = 1 in the rest of the
text for notation simplicity) describing how many quanta
of excitations are populated, and b†, b are the creation
and annihilation operators that add or remove one quan-
tum of excitation into or from the mode. These number
vectors {|n⟩} can be used to encode any countably infinite
(or a large number of finite) discrete degrees of freedom
(DOFs) in any underlying problem. For the case of finite
DOFs, one can simply truncate the Fock basis to a finite
value Nmax and only use the states |n⟩ with n ≤ Nmax

for the computation. This is similar to using an oscil-
lator as a qudit. The practical implementation of such
a computation within the low-energy subspace requires
some care [61], but it is still doable.

In addition to the countably infinite number of Fock
states, the position or momentum states |x⟩ or |p⟩ (x, p ∈
R) can be directly used as a computational basis to rep-
resent fully continuous DOFs of the problem, where |x⟩
or |p⟩ are defined as the eigenstates of the position oper-
ator x̂ or the momentum operator p̂ with eigenvalue x or
p, i.e., x̂ |x⟩ = x |x⟩ and p̂ |p⟩ = p |p⟩. For example, many
algorithms involve integration over a continuous variable,
which can be mapped natively to the oscillator’s position
or momentum variable [62].

CV systems also enable unconventional computational
bases that are non-orthogonal and over-complete such as
the set of all coherent states |α⟩ for α ∈ C. The sim-
plicity of these coherent state bases is that the action of
Gaussian operations (unitaries generated by linear and
quadratic powers of x̂ and p̂) on |α⟩ is very easy to fol-
low. This makes the matrix elements of Gaussian oper-
ators simple. However, the difficulty lies in their non-
orthogonality, which means that one needs to keep track
of the overlap integrals between all coherent states during
the computation.

III. NATURAL SCIENCE APPLICATIONS

Simulating physical systems has been one of the main
utilities of quantum computers to achieve a practical
quantum advantage [63–67], as originally proposed by
Feynman [68]. In chemistry and condensed matter
physics, a wide variety of systems can be generically
described as a system of interacting fermions coupled
to some set of bosonic modes—these range from simple
phonon modes that can be described by a Holstein-type
coupling to complex magnetic excitations and molecular
vibrations. These modes can be treated within a discrete
or a continuous framework, depending on the particular
approach. Although classical hybrid Monte Carlo simula-
tions have shown promise in studying these systems, they
retain the usual problems with Monte Carlo (e.g., sign
problems). Explicit examples of problems within this
class include the interaction between strongly coupled
phonons and superconductivity in the high-Tc cuprates
[69], fermionic systems coupled to the U(1) gauge field
of electromagnetism (light-matter interaction), or the
SU(3) field in quantum chromodynamics [3]. Although
these systems and physics have been studied extensively
for decades, questions remain unanswered due to the fun-
damental limitations of classical simulations on both the
fermionic and bosonic sides. And, while DV qubits could
potentially overcome problems with fermions, they are
not well suited to treating bosonic fields due to the dif-
ficulty in mapping bosonic systems to qubits [70, 71] as
well as the associated challenges in implementing the ac-
tion of bosonic field operators (for example the creation
and annihilation operators) [72, 73] on qubit-based quan-
tum computers [74, 75].

In contrast to the situation with purely DV modes,
where the difficulty of simulating bosonic matter arises
due to a very large number of quantum gates needed
to accurately synthesize the square root factors [75, 76]
from the bosonic field operators, the field operators
are natively available in hardware containing bosonic
modes. Therefore, fermi-boson mixtures can be effi-
ciently mapped to hybrid CV-DV quantum processors.
The efficient mapping of bosonic modes has recently
been experimentally demonstrated by a construction of
a highly hardware-efficient quantum simulation of the
Franck–Condon vibrational spectra of small molecules
using Gaussian boson sampling with optical modes [43,
44] and with microwave modes [31, 45] representing the
mechanical vibrational modes. These simple devices with
natively available bosonic modes accurately performed
simulations that would be impossible on any currently
existing superconducting qubit-only quantum computer
[31]. A related experiment has recently simulated dis-
sipative molecular quantum dynamics near a conical in-
tersection [32]. These recent advances demonstrate the
great potential of hybrid CV-DV quantum processors for
quantum simulations.
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A. Mixed fermi-boson problems from chemistry
and physics

Many problems involving a mixture of fermions and
bosons share a common Hamiltonian: individual terms
for the discrete (fermion) and continuous (boson) parts,
and an interaction term. As a prototypical example, we
may consider a generalized Tavis-Cummings model,

HTC =
∑
i

εc†i ci +
∑
i,j

hijc
†
i cj︸ ︷︷ ︸

discrete

+
∑
k

ωka
†
kak︸ ︷︷ ︸

continuous

+ g
∑
i,k

(
c†iak + cia

†
k

)
︸ ︷︷ ︸

interaction

. (1)

Here we have in mind a system of electrons with associ-

ated creation (annihilation) operators c†i (ci) expressed in
some natural basis indexed by i— this may represent, for
example, orbitals or lattice sites in a model motivated by
physics or chemistry — with a resulting on-site energy
term ε and a kinetic energy hij . Similarly, the bosons
are indexed by k and have their own creation (annihi-

lation) operators a†k (ak). The form of the interaction
term varies from problem to problem [77–79]; the one we
have represented here is reminiscent of an all-qubit-to-all
qumode coupled Tavis-Cummings model. Other types
of coupling may include, for example, a Holstein-type

coupling gc†i ci(ak + a†k) as shown in Fig. 2; the partic-
ular problem under consideration will dictate the form.
The discrete variable portion of the Hamiltonian may also
have non-fermionic character as long as the Hilbert space
is limited to two levels, such as in spin-boson models or
in the exciton-phonon models discussed below.

U

g t t t

Figure 2. A prototypical mixed-fermi boson model: the
Hubbard-Holstein model. Electrons (arrows) are coupled to
local Einstein oscillators, can hop between sites, and are sub-
ject to an on-site Coulomb repulsion. Note that the dimension
of the Hilbert space associated to each site is 4.

B. Spin-boson models

The general spin–boson Hamiltonian [80, 81] for a sys-
tem comprising N spins (two-level systems) interacting

with a bosonic environment can be written as

H = HS +HB +HSB , (2)

where HS describes the system degrees of freedom, HB

the bosonic bath, and HSB their mutual coupling.
The system Hamiltonian is

HS =

N∑
i=1

ϵi
2
σz
i +

∆i

2
σx
i +

∑
i<j

Jijσ
z
i σ

z
j , (3)

where ϵi is the energy bias of spin i, ∆i is its tunneling
amplitude, and σx,z

i are Pauli operators acting on spin
i. The coefficients Jij represent pairwise Ising-type cou-
plings that allow for spin–spin correlations or collective
dissipation effects.
The bath Hamiltonian represents a collection of inde-

pendent harmonic oscillators,

HB =
∑
k

ωkb
†
kbk, (4)

where b†k (bk) creates (annihilates) a boson of mode k
with frequency ωk. This formulation assumes a contin-
uum of bath modes that can absorb or emit energy from
the system.
The system–bath interaction Hamiltonian is typically

taken to be linear in the bosonic coordinates,

HSB =

N∑
i=1

∑
k

gikσ
z
i

(
b†k + bk

)
, (5)

where gik denotes the coupling strength between spin i
and bosonic mode k. This coupling form (σz

i ) is the most
common found in the literature and leads to decoher-
ence primarily through dephasing (although other cou-
pling channels are sometimes considered for relaxation
processes).
The environmental influence is completely character-

ized by the spectral density,

J(ω) = π
∑
k

g2kδ(ω − ωk), (6)

which encodes how strongly each bath frequency ω is
coupled to the system. Depending on its functional form,
different dynamical regimes arise, ranging from coherent
oscillations to overdamped localization.

Spin–boson models constitute a central framework for
describing dissipative quantum dynamics in two-state
systems interacting with environments. The bosonic
bath represents the environmental degrees of freedom as
a continuum of harmonic modes coupled linearly to the
system coordinates. This paradigm has been extensively
used to study various physical processes, including the
motion of light particles in metals and disordered solids
[82], chemical reactions involving electron transfer pro-
cesses [83], decoherence and relaxation in superconduct-
ing qubits [84, 85], and vibrational dynamics and exci-
ton–phonon coupling in molecular aggregates [86].
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Beyond its role as a prototypical open-quantum-system
model, the spin–boson Hamiltonian also serves as a build-
ing block in quantum simulation [87], quantum ther-
modynamics [88], and quantum information process-
ing [84, 85], where controlled environments (e.g., engi-
neered phonon or photon baths) allow systematic explo-
ration of non-Markovian [89] and strong-coupling [90] ef-
fects.

C. Modeling fermi-boson and spin-boson models

Quantum simulators have realized simplified Holstein
and spin–boson models using trapped ions and super-
conducting circuits [67, 91], making use of existing quan-
tum algorithms including Trotter–Suzuki decomposition,
qubitization, and quantum trajectory methods [92, 93].
However, treating these problems on purely DV plat-
forms is difficult: large active spaces require many qubits,
while bosonic vibrational modes need high Fock cutoffs,
scaling qubit demands rapidly. Non-Markovian baths
with structured spectral densities are costly to encode
digitally. Moreover, Lindblad evolution is not natively
unitary, making open-system simulation resource inten-
sive and requiring the dynamics to be approximated by
Stinespring dilation, collision models, or quantum trajec-
tories [94, 95]. Hybrid architectures overcome these dif-
ficulties by assigning qubits to discrete electronic states
and CV modes (oscillators, cavities, ion motion) to vibra-
tions and baths. This naturally realizes the mixed fermi-
boson or spin–boson Hamiltonians without large trun-
cations. One can engineer the CV modes to reproduce
structured spectral densities, and Lindblad-type dissipa-
tion integrates seamlessly in this framework. This was
shown recently in Ref. 96, where oscillator–qubit parti-
tioning captured coherent vibronic coupling and dissipa-
tive nonadiabatic dynamics with far fewer resources than
qubit-only approaches.

In general, there are two classes of observables. The
first is a single point measurement, i.e., observables of
the form tr [ρO] for some operator O and a (potentially
time-dependent) state ρ. These include site populations,
bosonic occupations, coherences, DC currents, etc. The
second class are two-time correlation functions

C(t) = tr [ρA(t)B(0)] , (7)

which illustrates the need to be able to have time-
dependent correlation functions. Alternatively, we may
express the entire problem in the Fourier domain, where
instead a function of the Hamiltonian needs to be evalu-
ated

Re σ(q, ω) = tr

[
ρA

1

ω −H+ E0 + i0+
B

]
, (8)

where 0+ is an infinitesimal regularization factor and
E0 = tr [ρH]. Key observables of this type include

many experimentally accessible spectra, such as photoe-
mission spectroscopy, optical spectroscopy, Raman scat-
tering, and beyond [97, 98].

D. Examples from chemistry

The electronic structure formulation of quantum chem-
istry is a convenient approximation, but it is an in-
complete description of the state of a molecule. Real
molecules have not only electronic degrees of freedom,
but also vibrational (and rotational) ones as well, i.e.,
fermi-boson mixed matter. As noted above, hybrid CV-
DV quantum computing provides a natural paradigm to
simulate these systems.
One unique characteristic in the chemistry setting is

that that many vibrational modes in realistic molecules
are anharmonic. This raises the question of how anhar-
monic quantum oscillators can be mapped to hybrid CV-
DV quantum processors with only quantum harmonic os-
cillators. Interestingly, an entire framework of the alge-
braic theory of molecules [99–102] has been developed
in chemical physics that can effectively map a single
anharmonic quantum oscillators into two or more har-
monic oscillators, including both bound and scattering
states. Examples include the common Morse [103] vi-
brational modes for describing chemical bond breaking,
the Pöschl-Teller [104] potential for chemical bond ro-
tation, and other more general models [105]. The al-
gebraic theory has been used in applications involving
ro-vibrational spectra [106] and rotational-induced dis-
sociation of molecules [107] in the classical computing
setting. These theories also set solid foundations for
quantum simulation of generic anharmonic CV degrees
of freedom on hybrid CV-DV quantum processors.
In this section, we provide a few utility examples in

chemistry where hybrid CV-DV quantum computing can
be useful.

Figure 3. An illustration of the IVR process. A laser pulse
excites a local vibrational mode, the energy of which is redis-
tributed to the other vibrational modes over time.

1. Intramolecular vibrational energy redistribution

Intramolecular vibrational energy redistribution
(IVR)[108–110] refers to the study of the real-time evo-
lution of the vibronic state of an isolated molecule after
being put in some initially excited state |ψ(0)⟩ using, for
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example, a laser pulse. The laser pulse initially excites
a local mode, the energy from which will delocalize over
time to a subset of the other vibrational modes of the
molecule until the system thermalizes. An illustration
of this process is given in Fig. 3, and involves bosonic
couplings beyond the harmonic term:

H =

N∑
j ̸=k ̸=l

Φjkl(b
†
j + bj)(b

†
k + bk)(b

†
l + bl) + · · · (9)

It is often the case in molecular chemistry that the rate
and mechanism by which a reaction occurs (or whether
it occurs at all) is state-dependent with respect to one
or more of the involved chemical species. For example, a
reaction may occur only if one of the reactants is in a par-
ticular geometric configuration, is ionized, or is in a par-
ticular electronic or vibronic excited state. By studying
the time evolution of the bosonic coupling Hamiltonian,
one can investigate whether or not the IVR process is re-
sponsible for or can be utilized to facilitate a particular
reaction.

Similarly, one might know in advance that |ψ(0)⟩ is an
important intermediate transition state for some desired
reaction. In this case, the quantity of interest is the sur-
vival probability | ⟨ψ(0)| e−iHt |ψ(0)⟩ |2. These survival
lifetimes, which are molecule and mode-specific, are typ-
ically on the order of picoseconds to nanoseconds. [108]
If the lifetime of |ψ(0)⟩ is sufficiently long, then that re-
veals the possibility of performing bond-specific chemical
reactions. That is, one designs a way of preparing a state
|ψ(0)⟩ with a specific locally excited vibronic mode, then
carries out a chemical reaction for which that vibronic
mode plays a key role. This is only possible if the life-
time of |ψ(0⟩ is not short compared to the timescales
involved in key steps of the reaction mechanism (e.g. the
average time between collisions of two molecular species
or the time needed for a molecule to change geometric
configurations). The search for molecular systems with
long IVR lifetimes is one of the main applications of IVR
for this reason[108].

Classically, the time evolution can be emulated us-
ing quantum molecular dynamics methods such as the
multiconfiguration time-dependent Hartree (MCTDH)
method. Notably, the memory requirements of MCTDH
scale exponentially with the number of degrees of free-
dom of the problem [111]. Thus, much like exact diago-
nalization methods in electronic molecular chemistry, the
use of such methods are limited to problem sizes with a
modest number of degrees of freedom involved. MCTDH
has, for example, been applied to study the role of IVR
in the trans-cis isomerization of formic acid in the gas
phase [112] and the dissociation of carbonyl sulfide [113],
which are comprised of 5 and 3 atoms, respectively.

One potential use-case of CV (or CV-DV) quantum
computers therefore would be to supplant classical meth-
ods such as MCTDH that are highly accurate, but costly.
Treating the vibronic degrees of freedom in the IVR prob-
lem requires having some information about the elec-

tronic potential surface of the molecule, either explicitly
(conducting electronic calculations beforehand) or im-
plicitly (time-evolving a Hamiltonian incorporating both
electronic and vibronic degrees of freedom). Broadly
speaking, there could be two classes of approaches to
this use-case. The first would be to construct a workflow
on CV-DV processors wherein qubits efficiently compute
estimations of the potential energy surface for a large
number of degrees of freedom using an algorithm such
as quantum phase estimation on-the-fly, while the oscil-
lators carry out the time evolution of the nuclei Hamil-
tonian. This scheme does not require entanglement be-
tween the qubits and oscillators, and is therefore approx-
imate and can be viewed as a version of ab initio molecu-
lar dynamics accelerated on CV-DV quantum hardware.
Alternatively, since the IVR problem is fundamentally
just the time evolution of a state comprised of fermionic
and bosonic degrees of freedom coupled together, one
could imagine performing the time evolution of a hy-
brid electronic-vibronic Hamiltonian, foregoing the ne-
cessity of calculating electronic potential surfaces alto-
gether. Similar post Born-Oppenheimer approximation
methods have been proposed for qubit quantum comput-
ers for calculating static properties of such systems. [114]
Analogous methods could be proposed for calculating the
dynamic properties relevant to IVR with the electronic
and vibronic degrees of freedom treated on an equal foot-
ing. The benefit of using a CV-DV processor for such
problems is that one does not incur the large overhead as-
sociated with the compilation of bosonic gates into qubit
gates.

2. Vibronic Dynamics for energy harvesting

The interplay of electronic and vibrational motion gov-
erns molecular light absorption, transfer, and emission,
from fundamental dynamics to device performance. For
instance, ultrafast S2 → S1 internal conversion in SO2

can be rationalized through linear vibronic coupling,
which captures the nonadiabatic character of the tran-
sition [115]. The same principle underlies the tunabil-
ity of chromophores such as BODIPY, where vibronic
interactions determine how excitation energy is redis-
tributed across molecular frameworks [116]. In opto-
electronic systems, ligand design dictates exciton dy-
namics precisely because it alters vibronic pathways
[117], while in Ru(II) complexes, electroluminescence
emerges only through the combined action of vibronic
and spin–orbit couplings, collectively called the spin-
vibronic effect [118]. This effect has recently been exper-
imentally studied in structurally related dinuclear Pt(II)
metal–metal-to-ligand charge-transfer (MMLCT) com-
plexes, which drives efficient singlet–triplet conversion
[119]. By probing vibronic coherences, it was observed
that accelerated quantum-mechanically forbidden tran-
sitions at non-adiabatic crossings can happen. Vibronic
coupling enables resonance between excitonic states and
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vibrational modes, sustaining coherence that enhances
exciton migration [120]. Environmental dissipation, pro-
vided by protein scaffolds and solvent, prevents trapping
of local excitations and enables “environment-assisted
quantum transport” [121]. In the Fenna-Matthews-Olson
(FMO) complex, ultrafast spectroscopy confirms that vi-
bronic coherence improves transfer efficiency under phys-
iological conditions [122]. Together, these cases illustrate
that vibronic effects are not secondary perturbations but
the central mechanism by which molecular structure is
translated into photophysical function.

In more detail, the dynamics can be described by the
Lindblad equation,

dρ

dt
= − i

ℏ [Htot, ρ] + L(ρ), (10)

with Hamiltonian Htot = Hexc + Hvib + Hint + Hbath,

where Hexc =
∑

i ϵia
†
iai +

∑
i̸=j Vij(a

†
iaj + h.c.), Hvib =∑

i ωib
†
i bi, Hint =

∑
i λia

†
iai(b

†
i + bi), and Hbath =∑

k ωkc
†
kck +

∑
i,k gika

†
iai(c

†
k + ck). Key observables in-

clude site populations, coherences, exciton currents, sink
efficiency, vibrational occupations, and experimentally
accessible spectra and quantum yields [97, 98]. Quantum
simulators have realized simplified Holstein and spin–
boson models using trapped ions and superconducting
circuits [67, 91]. Key algorithms include Trotter–Suzuki,
qubitization, and quantum trajectory methods [92, 93].
Classical hierarchical equations of motion (HEOM) re-
mains essential for benchmarking open-system dynamics
[123]. Yet qubit-only methods face steep costs: bosonic
modes require large truncations, Lindblad dynamics are
not natively unitary, and non-Markovian baths with
structured spectra are hard to encode [95].

Hybrid CV–DV devices avoid this overhead by rep-
resenting vibrations with oscillators and excitons with
qubits, realizing native spin–boson couplings and engi-
neered baths. Recently, schemes for simulating such
nonadiabatic vibronic dynamics for photosynthetic chro-
mophores on hybrid oscillator-qubit devices have been
proposed, where environmental effects (dissipation, de-
phasing) were modeled with midcircuit measurements
and resets [1, 124]. A proposed hybrid CV-DV compiler
utilizes generalized quantum signal processing (GQSP)
algorithm to synthesize arbitrary bosonic phase gates,
which then can decompose nonadiabatic molecular dy-
namics for uracil cations [125].

3. Chemical reaction dynamics through simulation of
conical intersections

Conical intersections (CIs) are degeneracies be-
tween electronic potential energy surfaces where the
Born–Oppenheimer approximation breaks down due to
strong electron–nuclear coupling. They govern ultra-
fast nonradiative transitions in photochemistry, proton-
coupled electron transfer, and biomolecular processes
such as vision and DNA photostability.

Several diabatic Hamiltonians are widely used to
model CIs. The most general is the multi-state linear
vibronic coupling (LVC) or quadratic vibronic coupling
(QVC) [126–128] form, which may be written as in Eq. 1
or in CV position/momentum coordinates (see App. A).
In either case, the off-diagonal couplings generate the
conical intersection.
CIs are characterized by a variety of measures. These

include branching-plane vectors in the adiabatic repre-
sentation: g = ∇R(E2−E1) and h = (E2−E1)d12 with
d12 = ⟨ϕ1|∇Rϕ2⟩, population transfer Pα→β(t), branch-
ing ratios, quantum yields, nonadiabatic coupling norms
∥dαβ∥, geometric phase signatures, and spectroscopic
observables such as ultrafast pump–probe or 2D spec-
troscopy.

E. Other examples from physics

1. Exciton-phonon coupling

Phonons are key players in determining the physics of
real materials. While the primary focus is often on the
electrons and their ground state, phonons can and do
have a significant effect on the properties of the material
under study. This is perhaps most clearly seen in con-
ventional superconductors, where (as shown by Cooper)
there is a divergent instability in a pairing channel medi-
ated by phonons; this observation led to the BCS theory
of superconductivity, and many experimental confirma-
tions that phonons are indeed the pairing glue between
electrons. But, even outside this particular case, phonons
show up across the spectrum. This can be in the develop-
ment of ordered phases such as charge density waves [129]
but also in more mundane places such as metals, where
phonons are responsible for a characteristic temperature
dependence of the resistivity [130].
While the effects of phonons are well understood in cer-

tain contexts, they retain some mystery in others. One
such context is the transport properties of organic and
hybrid semiconductors, where there is strong coupling
to the soft modes of the relatively low weight atomic
groups. One notable example is transport through or-
ganic and hybrid thin film transistors [131–134]. This is a
problem with potentially high societal impact, yet many
questions remain regarding the origin of the limitations of
the photocurrent; in turn, this prevents informed device
design that overcomes these limitations. It is thought
that phonons play a key role, but in addition the photon
modes that couple to the excitations in the material need
to be considered. With current techniques, we have no
fully-quantum model that can handle the full process —
from initial excitation to steady state transport — and
are thus limited in developing a holistic understanding of
this problem.
Phonons may be coupled to the excitons (and indeed to

electrons as well) in a variety of ways [135, 136]. Two typ-
ical forms are the Holstein and Peierls (or Su-Schrieffer-
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Heeger[137]) couplings, which may be written as [138]

HHolstein = g
∑
i

δXic
†
i ci (11)

HPeierls = g
∑
⟨i,j⟩

(δXj − δXi)c
†
jci. (12)

In the Holstein case, the displacement of the ionic posi-
tion Xi causes a local change in the exciton energy; in
this case, a transfer integral is modulated between near-
est neighbor exciton sites. As is typical, the local dis-

placement may be written as Xi = b†i + bi, which reveals
the bosonic operators that need to be taken care of, and
the potential for CV/DV methods to play a role.

With the underlying Hamiltonian established, we can
now discuss the most relevant observables. The most fun-
damental quantity governing the device properties is the
photocurrent, which arises from a combination of the ex-
citation rate, the effective dissipation rate, and the trans-
port characteristics of the material. This quantity can be
initially examined through the optical conductivity, ob-
tained from the current–current correlation function:

Re σ(q, ω) =
1

ωV

∫ ∞

0

dteiωt tr
[
ρj†(q, t)j(q, 0)

]
. (13)

Here, j denotes the current operator j(q) =
∑

k c
†
k+qck.

2. Bose-Hubbard models

One particularly useful example where the efficient de-
scription in terms of discrete and continuous variables
interpolates between two limits is the Bose-Hubbard
model. A few previous studies of this model in 1+1
dimensions have explored its real-time dynamics [139],
while others have employed variational methods to ap-
proximate the ground-state energy over a range of U val-
ues [140, 141]. In a specific limit where efficient qubit
encoding is possible, this model was also studied in 2+1-
dimensions on a superconducting qubit device [142]. The
Bose-Hubbard Hamiltonian is given by:

H =− J

L∑
j=1

(
âj â

†
j+1 + h.c.

)
± U

2

L∑
j=1

n̂j (n̂j − 1)

− µ
∑
j

nj , (14)

where â, â† are the bosonic operators, −(+) represents
the attractive (repulsive) versions of the model, U is a
positive real parameter, and h.c. denotes the Hermitian
conjugate. The attractive version is numerically more
challenging than the repulsive Bose-Hubbard model. The
parameter J is known as the ‘hopping parameter’ while U
is known as the on-site term. The Hamiltonian is invari-
ant under global U(1) symmetry i.e., âj → âje

iϕ. When
the on-site repulsion is zero i.e., U = 0, then we have

U/J → ∞ U/J → 0
Mott insulating phase Superfluid phase

J

U

(hardcore boson, efficient DV description) (Condensate, efficient CV description)

Mott insulating phase
Superfluid phase

J/U

μ/U

0

1

Quantum Phase Transition

Figure 4. The two extreme limits of the Bose-Hubbard model
with N = L = 5 (unit filling). In the superfluid phase, de-
pending on the filling and the ratio U/J all the bosons can
occupy (condense) to a particular lattice site. In the lower
panel, we show the conjectured phase diagram at zero tem-
perature where the tip of Mott lobes (red circles) correspond
to the BKT-type phase transition found in the 2d classical
XY model. The particle density is fixed for a given lobe and
changes by 1 as we increase µ.

just the hopping term and it becomes a tight-binding
model. If U/J → ∞, then the bosons behave in a man-
ner different from a free boson and we call them ‘hard-
core bosons’, avoiding the occupation of the same cav-
ity (or lattice site). Therefore, while the large U limit
can be efficiently studied using DV, for small values of
U and particularly in the superfluid phase, an approach
based on CV is likely more efficient. This is the Mott
insulator phase (named due to the lack of conductance).
When we go to the opposite limit, i.e., U/J → 0, then
we can have all bosons in a particular cavity, which is re-
ferred to as the superfluid phase. This model exhibits the
Mott insulator (MI)–to–superfluid (SF) transition first
studied in Ref. [143], which was later observed exper-
imentally in cold-atom systems confined to optical lat-
tices [144], where the quantum phase transition between
the two phases was realized at temperatures close to ab-
solute zero. It would be interesting to study this model
using CV methods and follow the quantum phase tran-
sition and also study out-of-equilibrium properties [145].
In Fig. 4, we show the phase diagram of this model and
also how the MI phase has a restricted occupancy while
in the superfluid phase, all the bosons N can effectively
condense at a particular site, rendering the qubit encod-
ing less effective.

F. Quantum field theories

One of the challenges in simulating quantum field theo-
ries involving bosonic or gauge degrees of freedom is the
infinite-dimensional local Hilbert space. This requires
truncation before they can be studied using either clas-
sical or quantum computers. However, quantifying the
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Quantum simulation of lattice field theory
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Figure 5. Inspired by the sequence of theories in [146], we show a roadmap towards simulating QCD with quantum simulators
(left). The complexity scale presented is not rigorous, rather it identifies relative algorithmic difficulties and quantum resource
requirements in implementing respective theories. Representative field content for generic field-theoretic constructions in (1+1)D
and (3+1)D are shown (middle). An example field configuration is shown in a particular gauge-invariant sector identified by
{gi} (middle-top) for the Z2 gauge theory. Magnetic term (green), electric term (red), matter field (ψx) on vertex and gauge
fields Ux,µ on edges are identified (middle-bottom). The quantum simulation framework for lattice field theories and some of
the approaches to encode gauge fields and matter fields are identified (right).

impact of the truncation is often a non-trivial problem.
There are different lattice descriptions that can lead to
the desired continuum description, however, maintain-
ing a proper balance between truncation and extracting
relevant physics in the continuum limit is a hard prob-
lem. In addition, one might have a good truncated lattice
model that reproduces correct continuum physics, but if
the resources are exponential in system size then it is not
useful. Therefore, it is essential to seek a lattice gauge
theory formulation with a finite local Hilbert space that
reproduces the correct continuum physics while requiring
only moderate computational resources.

In quantum field theories, we have gauge fields, scalar
fields, and fermion (matter) fields. While it is efficient
to use qubits to encode the fermions, for gauge and
scalar fields, this might not be the most efficient method.
Rather, an alternative approach is to encode the scalar
and gauge fields in terms of continuous variables. This
can be a powerful method for simulating lattice gauge
theories where fermionic fields can be represented by dis-
crete variables and scalar and gauge fields can be repre-
sented by continuous variables [147–156]. The long-term
goal is to study quantum field theories with local gauge
invariance in 3+1-dimensions describing fundamental in-
teractions in nature. We show a roadmap towards this

goal in Fig. 5.
The first step in studying models with continuous sym-

metries—whether global or locally gauged—is to address
the problem of truncation, i.e., constructing an efficient
finite local Hilbert space formulation. Over the past
decades, several strategies have been explored to achieve
this goal. These include the finite subgroup or group-
space decimation approach [157–162], fuzzy regulariza-
tion [163], the quantum groups method [164, 165], and
direct truncation of the continuous group [166–169].
Other notable approaches include the quantum

link model [170–174], where gauge invariance is
maintained but the quantum links become nonuni-
tary—unitarity being recovered only in the S → ∞
limit—and the Schwinger boson or prepotential-inspired
loop–string–hadron (LSH) approach [175–181], which
constructs gauge-invariant states by expressing gauge
links in terms of SU(2) or SU(3) Schwinger bosons.
Additional formulations include the orbifold lattice ap-
proach [182] and the 1/N expansion in the planar-limit
framework [183]. However, it is not clear which of these
approaches would eventually lead to the most promis-
ing route for future simulations of quantum field theories
relevant for strong interactions on fault-tolerant quantum
computers. In addition, there has also been several works



11

discussing effects of truncation in quantum simulation
of lattice gauge theories for a given accuracy [184, 185].
However, the relation between the truncation effects and
error scaling as we take the continuum limit remains an
open problem for SU(2) and SU(3) lattice gauge theo-
ries. We emphasize that encoding bosonic and fermionic
quantum fields using a CV–DV approach might be es-
sential in scaling and ensuring that correct continuum
physics is obtained. Several previous works have made
use of this for the simulation of quantum many-body sys-
tems and quantum field theories [149, 151–153, 186–188].

1. O(3) sigma model as rigid rotor

The simplest non-trivial example of a quantum field
theory is the scalar field theory. This has been exten-
sively studied in 1+1-dimensions from a quantum com-
putation perspective [189–191] including continuous vari-
able method [188, 192]. As a pathway to the future fault-
tolerant computation of non-Abelian lattice gauge theo-
ries, including 3+1-dimensional quantum chromodynam-
ics (QCD), a particularly interesting example is the O(3)
non-linear sigma model [193, 194] in 1+1-dimensions.
This is also natural since the Kogut-Susskind Hamilto-
nian we will discuss later has deep connections to the
rotor formulation of the O(3) model. Though this is not
a gauge theory, it has a non-Abelian global compact O(3)
symmetry and can be expressed completely in terms of a
Hamiltonian of a rigid rotor as first proposed by Hamer,
Kogut, and Susskind [195] within the broad class of O(N)
models. This model shares several features with QCD,
such as being asymptotically free for N ≥ 3 [193]. It
serves as an interesting toy model because it avoids the
additional complexities associated with local gauge de-
grees of freedom while retaining nontrivial dynamics due
to its non-Abelian global symmetry. The lattice Hamil-
tonian on a one-dimensional spatial lattice of N sites is
given by:

H =
1

2β

N∑
i=1

Li · Li − β
∑
⟨ij⟩

ni · nj , (15)

where Li is the angular momentum operator and ni is
a unit 3-vector that takes values on the two-sphere S2.
The coupling β determines the interaction and the con-
tinuum O(3) field theory is obtained as we take β → ∞.
This model has been studied using qubit regularization
and the fuzzy approach, where it was found that, instead
of requiring an infinite-dimensional local Hilbert space, a
four-dimensional local space is sufficient to reproduce the
correct continuum theory at the asymptotic fixed point
as β → ∞ [160, 196, 197]. In addition to the discrete-
variable approach, this model has also been studied using
continuous variables by recasting the rotor Hamiltonian
in terms of Schwinger bosons or triplet scalar fields with
a unit-norm constraint corresponding to the O(3) sym-
metry [198, 199]. It would be interesting to understand

the higher-dimensional O(N) rotor models using a CV
approach.

2. Abelian and non-Abelian lattice gauge theories

The simplest lattice gauge theory (LGT) is the Z2

model [200, 201]. However, we begin with the U(1)
Abelian gauge theory, as it represents the simplest case
that is also part of the Standard Model of particle
physics. The U(1) gauge theory has been extensively
studied in 1+1 dimensions, where the entire Hamilto-
nian can be expressed in terms of discrete variables by
integrating out the gauge degrees of freedom [202, 203].
It has also been explored in 2+1 dimensions, where an ef-
ficient discrete representation in terms of quantum links
is possible [204].
For the case of U(1) gauge theory, let us start with the

Kogut-Susskind (KS) Hamiltonian [205, 206], developed
soon after the Lagrangian formulation of non-Abelian lat-
tice gauge theories by Wilson [207]. In a Hamiltonian
formulation [208] of LGT, we keep the time continuous
and discretize the d spatial directions leading to (d+ 1)-
D quantum field theory. In general, the pure gauge KS
Hamiltonian consists of two terms: electric, and mag-
netic given by Eqs. (17–18). The magnetic term is only

present for d > 1 since there is no B⃗ in one (spatial)
dimension. To generate non-trivial gauge dynamics, the
two terms in the Hamiltonian must not commute with
each other and the terms in the KS Hamiltonian satisfy
this property. Therefore, it is not possible to find a ba-
sis where both terms are diagonal. The choice to make
either the electric term or the magnetic term diagonal is
referred to as the ‘electric’ and the ‘magnetic’ basis. The
electric basis is not very efficient for obtaining the con-
tinuum limit. Rather than the electric basis, we can use
the magnetic basis [209] where the unitary links are diag-
onal or a mixed electric/magnetic basis [210] as has been
pursued in recent papers. The Hamiltonian of a general
LGT with matter for the case of U(1) gauge theory can
be written as

H = Helectric +Hmagnetic +Hmatter, (16)

where each term naturally maps onto either qubit or
qumode (continuous) degree of freedom in a hybrid en-
coding. The electric field Eµ(n) (starting at site n and
oriented in the µ̂ direction) has an infinite integer spec-
trum and is defined on all links of the lattice and is nat-
urally represented by a qumode quadrature. The electric
and magnetic terms are:

Helectric =
g2

2

∑
n, µ=1,···d

E2
µ(n), (17)

Hmagnetic = − 1

2g2

∑
□

Tr
(
U□ +U†

□

)
, (18)
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where U□ = Uµ(n)Uν(n + µ̂)U†
µ(n + ν̂)U†

ν (n) defined as
the product of unitary link operators around a given pla-
quette (Wilson operator) with origin at n. This can be
naturally encoded in terms of qumodes with the link
at site n in direction µ defined as Uµ(n) = eigAµ(n)

with lattice spacing as = 1. The electric field and
gauge link satisfy [E(x), U(x)] = U(x) or alternatively,
[A(x), E(x′)] = iδxx′ where U(x) denotes the gauge link
starting at site x in either of the d directions.

The fermionic matter term in the lattice Hamiltonian
requires a specific discretization scheme, which is non-
trivial due to the fermion doubling problem that arises
under a naive lattice discretization. To overcome this,
there are various proposals and one can choose either
staggered [211], Wilson fermions [207, 212], domain-
wall [213], or overlap fermions [214]. In addition, we will
only consider one fermion flavor (Nf = 1). The matter
term is given by:

Hmatter = κ
∑
n,µ

(
ηµ(n)ψ(n)

†Uµ(n)ψ(n+ as) + h.c.
)
+

(19)

m
∑
n

(−1)
∑

µ nµψ(n)†ψ(n),

where κ is the matter-gauge coupling, h.c denotes the
Hermitian conjugate, ηµ is a site-dependent scalar phase
factor encoding the structure of γ-matrices, and µ =
1, · · · , d. In the staggered formulation, the upper (lower)
components of the spinor are denoted by fermionic fields
on different neighboring (odd and even) sites. The
fermions have a finite-dimensional local Hilbert space
and are encoded in qubits using Jordan-Wigner (JW),
Bravyi-Kitaev (BK) [215], or generalized superfast en-
codings [216]. The fermionic operators act on qubit reg-
isters, while the electric field Eµ(n) and link operators
Uµ(n) can be encoded in CV degrees of freedom. Fi-
nally, we have the Gauss’s law condition (for example
for U(1) gauge theory) which requires both CV and DV
degrees of freedom defined as

G(n) =

d∑
µ=1

[
Eµ(n)− Eµ(n− as))

]
−
(
ψ†(n)ψ(n)− 1− (−1)

∑
ni

2︸ ︷︷ ︸
Q(n)

)
, (20)

at each lattice site n = (n1, n2, n3). The local charge
operator for the staggered fermion case, Q(n), acts
on qubits and the electric fields Eµ(n) act on oscilla-
tor/bosonic degrees of freedom. This constraint acts at
each site n and physical states |ψ⟩ are those that satisfy
G(n) |ψ⟩ = 0∀n.

Let us consider the case of SU(2) as an example in one
spatial dimension where n is just x. For this case, Kogut

Term Efficient encoding
Electric field term E2

µ(n) CV
Magnetic (plaquette) term CV

Pure fermionic terms (∈ Hmatter) DV
Gauge-matter term DV+CV

Gauss’s law constraint (Eq. (20)) DV+CV

Table I. A schematic description of how different terms in the
U(1) Kogut-Susskind Hamiltonian LGT can be encoded in
the CV and DV variables.

Figure 6. The electric fields at two lattice sites (with lat-
tice spacing as) are shown with the two-component fermionic
fields at each site for the SU(2) Hamiltonian LGT in 1+1-
dimensions.

and Susskind argued to consider a single non-Abelian
gauge link as a rigid rotor such that left and right elec-
tric fields, denoted Ea

L(x) and Ea
R(x) respectively (see

Fig. 6), correspond to the left and right end of a link
for a given color index a, and we have E2

L = E2
R =

(E1
L)

2 + (E2
L)

2 + (E3
L)

2. The left and right electric field
satisfy, [Ea

L, U ] = 1
2T

aU and [Ea
R, U ] = U 1

2T
a where T a

are the three generators (Pauli matrices) of SU(2). The
magnetic term will be the trace of the oriented product
of four SU(2) links. The matter term will involve ψ(n)
at each site with two SU(2) color components.

In Ref. [154], the pure SU(2) gauge theory was studied
in 2+1 dimensions within the maximal tree gauge [217],
using continuous variables by recasting the problem
in terms of rigid rotor dynamics on the three-sphere
S3 [218]. However, the primary goal of quantum sim-
ulations of lattice field theory is to study the theory of
strong interactions (QCD), which is based on an SU(3)
gauge symmetry with a sufficient number of fermion fla-
vors, Nf . In coming years, it would be interesting to find
a description for SU(2) and SU(3) gauge theory with
matter using hybrid CV–DV approaches. In addition, it
would be interesting to use trapped-ion or circuit quan-
tum electrodynamics (cQED) platforms to simulate non-
trivial dynamical phenomena, such as hadron scattering
and string breaking, in these quantum field theories.

While the main focus is on quantum field theories rel-
evant to the fundamental interactions of nature, such as
quantum electrodynamics (QED) and quantum chromo-
dynamics (QCD), the hybrid CV–DV framework also of-
fers a promising avenue for exploring field theories be-
yond the Standard Model (BSM), which involve a rich
interplay between bosonic and fermionic degrees of free-
dom. One well-known class of such QFTs are the super-
symmetric field theories such as supersymmetric quan-
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tum mechanics [219] and Wess-Zumino-type [220] mod-
els. In addition to these models, their extensions to max-
imally supersymmetric gauge theories [221, 222] are ex-
pected to play a crucial role in quantum gravity, espe-
cially through the AdS/CFT correspondence [223].

Hybrid CV–DV platforms can be an exciting avenue
for such explorations extending some preliminary inves-
tigations [224, 225] using qubit-only approaches. With
current classical computing approaches, it is not possible
to study real-time dynamics of these models and would
be a excellent application of future fault-tolerant quan-
tum computing and would provide insights into various
non-perturbative aspects of quantum gravity.

IV. COMPUTING-RELEVANT APPLICATIONS

In this section, we survey and discuss other applica-
tions that CV-DV quantum hardware can potentially ad-
dress beyond quantum simulation of physical sciences.
These problems include non-local games (Sec. IVA),
optimization (Sec. IVB), factoring (Sec. IVC), data
compression and communication (Sec. IVD), differen-
tial equation solver (Sec. IVE), and quantum sensing
(Sec. IVF). We comment on the potential of hybrid
CV–DV hardware to achieve fault tolerance in Sec. IVG,
including new avenues for robust CV quantum comput-
ing.

A. Non-local games

In quantum information, a game refers to a structured
test, called a nonlocal game, that evaluates how well a
quantum system can demonstrate correlations or behav-
iors that are impossible for classical systems. Games
can provide an ideal benchmark platform to test CV-
DV hybrid systems capabilities due to their minimal
circuit depth requirements and ability to demonstrate
provable quantum advantage [226–228]. Unlike tradi-
tional quantum algorithms requiring fault-tolerant archi-
tectures, nonlocal game protocols can operate effectively
on near-term devices while providing rigorous certifica-
tion of quantum resources. Recent work has demon-
strated their utility as application-level benchmarks us-
ing variational methods to successfully generate short-
depth quantum strategies for complex games including
graph coloring problems [228].

For CV-DV platforms, several promising directions
emerge. First, games with large output spaces naturally
favor CV systems, as continuous measurements via ho-
modyne detection provide access to unbounded outcome
sets unavailable to discrete systems. The CHSH inequal-
ity has been experimentally violated using CV states with
four modes and homodyne detection [229], demonstrating
that squeezed states and continuous measurements can
generate nonlocal correlations comparable to entangled
qubits. The variational approach of Furches et al. [228]

for finding optimal quantum strategies could potentially
be extended to hybrid CV-DV systems, where the Hamil-
tonian encoding game rules would incorporate both dis-
crete and continuous degrees of freedom.
Cat states offer unique advantages for hybrid nonlocal

strategies. The superposition structure |α⟩+ |−α⟩ natu-
rally maps to binary outcomes while maintaining CV re-
source advantages, and their non-Gaussian character has
been shown to enable Bell violations [230]. Recent work
has demonstrated that variational quantum algorithms
can discover optimal quantum strategies for the Magic
Square Game, achieving perfect game performance [231].
Building on these variational approaches, we believe that
cat state encodings could provide alternative implemen-
tations for games like the Magic Square Game, poten-
tially offering advantages in noise resilience due to the
error correction properties of cat codes, while maintain-
ing the perfect winning probability achievable with dis-
crete strategies.
The resource efficiency of nonlocal games makes them

particularly suitable for benchmarking CV-DV inter-
faces. A typical protocol requires: (i) preparation of
entangled CV-DV pairs, (ii) local measurements, and
(iii) classical post-processing to verify winning condi-
tions. This simplicity contrasts sharply with other al-
gorithms requiring hundreds of circuit evaluations or er-
ror correction protocols demanding extensive syndrome
extraction. The benchmarking methodology of Furches
et al. [228], which tested strategies across 14 different
quantum platforms, provides a template for systematic
CV-DV hardware evaluation using win rates as a noise-
sensitive metric directly correlated with gate fidelity and
bit-flip errors.
Furthermore, some nonlocal game strategies provide

device-independent certification [232]. Violation of Bell
inequalities guarantees the presence of entanglement
without assumptions about the internal workings of the
devices, making them robust benchmarks for hetero-
geneous CV-DV architectures where precise calibration
across different physical platforms remains challenging.
Furthermore, work on loophole-free Bell tests using high-
efficiency homodyne detection [233] has paved the way for
robust CV-DV implementations, while the graph color-
ing game with quantum advantage [228] suggests oppor-
tunities for encoding graph properties in CV-DV phase
space.

B. Optimization

1. Quadratic Unconstrained Binary Optimization under
Fock Basis

Variational quantum algorithms (VQAs) are a promis-
ing approach to solve relevant quantum chemistry (Vari-
ational Quantum Eigensolver - VQE) and optimization
problems (Quantum Approximate Optimization Algo-
rithm - QAOA) algorithmically on quantum comput-
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ers [234, 235]. Repeated iterations of VQAs alternate
between execution of a parametrized quantum kernel and
classical optimization on the output of the kernel to up-
date parameters. Most state of the art quantum devices
(superconducting, ion traps, annealers, etc.) that can
execute circuits of these kernels are limited to qubit-
based computations, but the use of qumode-based com-
putations is rapidly growing. While there are some
known instances of problem agnostic kernels for hybrid
devices [236], implementing problem-aware ansatzes on
either exclusively qumode based devices or hybrid de-
vices warrant further investigation.

Therefore, we aim to compare the efficacy of qumode
and hybrid devices as compared to exclusively qubit
based devices. For straightforward comparisons, we limit
ourselves to a class of discrete-valued problems, those
which can be represented as Quadratic Unconstrained
Binary Optimization (QUBOs),

Minimize
x∈Bn

xTQx, (21)

some examples of which are included in Fig. 7. QU-
BOs can also be directly transformed into an Ising spin

Hamiltonian by a change of variables, namely x =
s+ 1

2
.

Further details can be found in [237].

(a) Maximum Cut (b) Minimum Vertex Cover

Figure 7. Graph problems which can be expressed as QUBOs.
(a) shows the cut (dotted line) made to partition the vertices
into two disjoint sets (black and white). It is considered a
maximum cut because it maximizes the number of edges be-
tween the two sets. (b) shows the 3 vertices (red) which make
up the minimum vertex cover. It is considered a vertex cover
because all edges are incident on at least one of the red ver-
tices, and is minimum because a vertex cover cannot be made
with fewer red vertices.

These problems naturally map to qubit-based devices
and can somewhat trivially map to qumode-based de-
vices by leveraging the Fock basis. While both of these
mappings can be realized by converting the QUBO to an
Ising Hamiltonian, the latter adds an additional degree
of freedom in how the problem is partitioned. For exam-
ple, a problem which would take 8 qubits (28 = 256 fock
levels) could instead be mapped to qumodes with cutoffs
of 2ki where ki is taken from the partition of 8 (excluding
partitions which contain 1). These partitions are shown
in Table IVB1. Choosing partition 4, we would have 2
qumodes each of 24 = 16 fock levels while the full repre-
sented state remains the same size as the original qubit-

based problem. This flexibility in terms of problem en-
coding can be exploited depending on various constraints
(hardware limitations, grouping variables, etc).

index partition
1 2, 2, 2, 2
2 3, 3, 2
3 4, 2, 2
4 4, 4
5 5, 3
6 6, 2
7 8

Table II. Partitions of 8 - excluding partitions containing 1.
Index 1 corresponds to the equivalent of 4 qubits, while Index
7 corresponds to a single mode of 8 levels.

While we are limited in terms of problems for compar-
ison, we conjecture that the availability of qumodes will
improve the efficacy of VQA approaches since we gain
“new” bosonic gates that can perform unique higher di-
mensional transformations. Further, we can compare the
various problem-aware ansatzes on these various hard-
ware configurations by leveraging various gates as unique
mixers. Note that the trainability and cost function land-
scape of the cost function for these bosonic devices may
be very different [238, 239]. One particularly interesting
question is to quantify the expressivity and trainability
of hybrid CV-DV circuits using tools from dynamical Lie
algebra [240, 241].
Looking ahead to more scalable commercially-available

qumode-based hardware, having a survey and benchmark
of the efficacy of different hardware configurations for
solving a particular class of optimization problem could
be very helpful.

2. CV Optimization via Quantum Dynamics

One recent interesting optimization algorithm is the
quantum Hamiltonian descent (QHD) formalism [242].
The idea is to map the optimization dynamics trajec-
tory as a time-dependent quantum dynamics evolution
governed by a Hamiltonian of many coupled anharmonic
modes.
Consider the following time-dependent effective Hamil-

tonian between N bosonic modes

Ĥ(t) =

N∑
k=1

p̂2k
2µ(t)

+

N∑
j,k=0

Vjkx̂j x̂k +

N∑
j,k,l,m=0

Wjklmx̂j x̂kx̂lx̂m,

(22)

where µ(t) = 1 + t2 is an effective time-dependent mass
(the time-dependency can change). Given an initial state
of the parameter arrangement encoded in the state |ψ0⟩,
the QHD algorithm claims that the time-dependent evo-
lution of |ψ0⟩ for some time t will converge to a good local
minimum (or even global minimum) of the parameters,
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encoded in the final quantum state

|ψ(t)⟩ = T e−i
∫ t
0
Ĥ(τ)dτ |ψ0⟩ , (23)

where T is the time-ordered product.
The main problem is then to figure out simple ways

to decompose this time-dependent Hamiltonian simula-
tion using hybrid CV-DV quantum signal processing on
oscillator-qubit devices, for example, by using instruc-
tions from the phase space or Fock space ISAs. The re-
cent progress on time-dependent Hamiltonian simulation
algorithms [243–249] can shed some light on solving this
problem on CV-DV quantum hardware.

C. Factoring

Shor’s algorithm achieves an exponential speedup for
integer factoring by reducing the problem to finding the
period r of the modular function f(x) = ax mod N ,
where a is chosen such that gcd(a,N) = 1. The quantum
Fourier transform (QFT) can be used to find the period r,
which then enables efficient recovery of the prime factors
of N .
In the CV-DV scheme introduced in [250], the period-

finding stage is implemented using just three CV
qumodes and a single qubit, regardless of the size of N .
This is made possible by exploiting the relationship be-
tween the position and momentum operators, which are
Fourier transforms of each other, eliminating the need
for an explicit QFT. All gates are applied in the position
basis, and measuring the first qumode in the momentum
basis at the end effectively obtains the one classical out-
put of the Fourier transform. Note that if one instead
wants the entire quantum output, then the QFT is still
required explicitly, though can be achieved using oscil-
lator free-evolution [40]. Fortunately, Shor’s algorithm
only depends on this classical output.

As mentioned above, Shor’s algorithm in the CV-DV
setting requires three qumodes. Two of the qumodes
are initialized in GKP state [251], and the third qumode
in the vacuum state. A GKP state |GKP ⟩ can be ex-
pressed as a uniform superposition of position eigenstates
|GKP ⟩ ∝

∑
x∈Z |x⟩. Therefore the initial state of the

CV-DV system of three qumodes and one qubit is:

• Qumode 1 in GKP State |GKP1⟩ ∝
∑

x∈Z |x⟩,

• Qumode 2 in GKP State |GKP2⟩ ∝
∑

y∈Z |y⟩,

• Qumode 3 in Vacuum State |0Osc⟩,

• Qubit in state |0⟩.

There are three key steps in the algorithm as summarized
below:

• Applying a gateMN to Qumode 2. This is a multi-
plication gate that multiples the position eigenstate

y by N to transform it to yN . This gate can be im-
plemented using a single mode squeezing gate with
squeezing parameter logN .

This gate changes the state of the system from

|ψ1⟩ ∝

(∑
x∈Z

|x⟩

)
⊗

∑
y∈Z

|y⟩

⊗ |0Osc⟩ ⊗ |0⟩,

to the state

|ψ2⟩ ∝

(∑
x∈Z

|x⟩

)
⊗

∑
y∈Z

|yN⟩

⊗ |0Osc⟩ ⊗ |0⟩.

• Applying the modular exponentiation unitary Ua,N

to Qumode 2. This unitary essentially adds the
function ax mod N to the position eigenstates of
Qumode 2. The exact decomposition of this uni-
tary is described in [250]. The state of the system
is now

|ψ3⟩ ∝

∑
x∈Z

∑
y∈Z

|x⟩ ⊗ |yN + (ax mod N)⟩

⊗|0Osc⟩⊗|0⟩.

Note that, this entangles Qumode 1 and 2.

• Finally, we trace out Qumode 3 and the Qubit and
perform a measurement on Qumode 2. The mea-
surement of Qumode 2 will lead to an outcome k.
This means that Qumode 1 will collapse to states
that obey the following property

yN + ax mod N = k =⇒ ax ≡ k (mod N).

Therefore the state of Qumode 1 after measure-
ment will be

∑
x∈Z |x⟩ax≡k (mod N). Measuring

this state in the momentum basis will directly pro-
vide the period of the function ax mod N .

With this approach, the algorithm attains an O(n2)
gate complexity for factoring an n-bit number, and [250]
specifies parameter ranges for R, m, and ∆. By contrast,
a DV-only implementation of Shor’s algorithm requires
O(n2 log n) gates and uses 2n + 2 qubits to factor an
n−bit number N [252].
We note that more general Fourier transforms or char-

acter transforms [253] over groups [254], especially con-
tinuous groups such as SU(N), have the potential to be
realized on CV systems more easily than mapping to DV
systems.

D. Quantum data compression and communication

Any classical communication and memory will only be
efficient if they leverage information-theoretic tools such
as data compression [255]. This is equally true for quan-
tum systems. As most quantum communication channels
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Figure 8. The polar code lattice and the direct translation of
the modular addition operation to a quantum modular addi-
tion operator constructed by the inverse DFT on Fock levels,
Cross-Kerr non-lineariy, and DFT.

are based on optics or photons, this motivates exploring
compression protocols for CV quantum systems.

In classical information theory, compression is usually
framed in terms of simple bits, whereas the quantum CV
setting naturally involves multi-level systems in superpo-
sition. This higher-dimensional structure poses signifi-
cant new challenges.

For qubits, the foundational result is Schumacher com-
pression, the quantum analogue of Shannon’s source cod-
ing theorem [256]. Schumacher’s protocol shows that
quantum states emitted from a source can be compressed
by encoding them into the typical subspace of the source.
Our aim is to extend these ideas to qumodes. Funda-
mentally, there are two possible approaches: (i) convert
qumodes into qubits and then apply Schumacher com-
pression, or (ii) compress the oscillators directly. The
first option introduces additional circuit overhead, noise,
and resource demands. In contrast, oscillators already
provide a discrete spectrum when truncated, and com-
pression only requires a finite-dimensional Hilbert space.
This makes direct compression of qumodes feasible.

As a concrete example, we focus on polar codes which
have already been implemented for qubit systems [257].
Polar codes generalize beyond binary alphabets and ex-
tend naturally to d-ary systems, making them well suited
for truncated oscillator encodings where each mode is re-
stricted to a finite d-dimensional subspace. By translat-
ing the d-ary classical construction into quantum circuits,
we obtain a Schumacher-style protocol for qumodes. The
central challenges are not in the coding theory itself but
in implementing the required quantum gates within CV
hardware, illustrated in Fig. 8. For example, modular
addition is essential in polar coding but not a native os-
cillator operation under Fock basis.

To realize this, we exploit the modular structure of
the phase states [258], the phase accumulated by an os-
cillator under free evolution is defined only modulo 2π.
Thus, modular addition between qumodes in the Fock
basis can be implemented by first applying a basis trans-
formation into the phase basis, performing a conditional
phase shift (e.g. using a cross-Kerr nonlinearity), and
then undoing the basis transformation. It turns out that
the discrete Fourier transform (DFT) maps Fock states

to phase states. Since the DFT is a unitary operator,
it can in principle be implemented using any universal
gate set, even if it is not native to a given CV platforms.
Finally, decoding a polar code is an iterative but closed-
form algorithm, which admits translation into a sequence
of unitary gates. This makes polar-code-based compres-
sion of qumodes not only theoretically sound but also
realizable in principle within CV architectures.
Another key resource for quantum communication is

entanglement. Entangled CV modes coupled to qubits
can effectively serve as a source of Bell-pair generation.
Ref. [259] proposes a non-deterministic scheme for gen-
erating Bell pairs using linear optics and measurement.
More recently, deterministic state-transfer protocols have
been shown to enable deterministic Bell-pair generation
directly from entangled oscillators [40]. These methods
can also be used to perform entanglement swapping be-
tween CV and DV systems [260, 261].

E. Ordinary differential equation solver

Differential equations, such as the Navier–Stokes equa-
tions, are central to many areas of science and engineer-
ing. Despite the continuous nature of the variables and
solutions in differential equations, classical differential
equation solvers often relying on discretization. Hybrid
CV-DV quantum processors, however, offer the possibil-
ity to solve these equations by mapping continuous vari-
ables and integrals directly onto CV registers, avoiding
discretization [262].
A simple linear ordinary differential equation (ODE)

takes the form

du(t)

dt
= −A(t)u(t) + b(t), u(0) = u0, (24)

where t ∈ [0, T ], A(t) ∈ CN×N , and u(t), b(t) ∈ CN . The
solution of the ODE (24) has the explicit form

u(T ) = T e−
∫ T
0 A(s)dsu0 +

∫ T

0
T e−

∫ T
s A(s′)ds′b(s)ds, (25)

where T is the time-ordering operator. By combining
finite-difference schemes with linearization techniques,
such as Carleman linearization [263], a wide range of non-
linear partial differential equations can be transformed
into a linear ODE system similar to the form described
above.
For problem sizes relevant to real-world applications,

classical solvers already operate at extreme scales. For
example, the isotropic turbulence dataset in the Johns
Hopkins Turbulence Database uses a grid of 32, 7683

points [264]. By providing efficient access to the matri-
ces and vectors in differential equations using techniques
like block encoding [265], quantum differential equation
solvers have been developed for standard DV quantum
computers. One promising example is the Linear Combi-
nation of Hamiltonian simulation (LCHS) algorithm [266,
267], which achieves optimal state-preparation cost and
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near-optimal matrix-query complexity across all relevant
parameters.

In LCHS, the coefficient matrix A(t) in (24) is first
decomposed into A(t) = L(t) + iH(t) via L(t) =[
A(t) +A†(t)

]
/2, H(t) =

[
A(t)−A†(t)

]
/2i. It is as-

sumed that L(t) ⪰ 0. Otherwise, we can shift u(t) =
ectv(t) and use v(t) for the ODE system so that L(t) +
cI ⪰ 0, where −c is the minimum of the smallest eigen-
values of L(t). The LCHS algorithm rewrites the two
terms in the solution (25) as integrals over parameter-
ized Hamiltonian simulations

T e−
∫ t
0 A(s)ds =

∫
R
g(k)

[
T e−i

∫ t
0 (kL(s)+H(s))ds

]
dk (26)∫ t

0
T e−

∫ t
s A(s′)ds′b(s)ds

=

∫ t

0

∫
R
g(k)

[
T e−i

∫ t
s (kL(s′)+H(s′))ds′

]
b(s)dkds, (27)

where g(k) := f(k)
1−ik for some kernel function f(k) and

t ∈ [0, T ]. The choice of f(k) that leads to near-optimal
complexity dependency on all parameters is f(z) =

1

(2πe−2β )e(1+iz)β
, where β ∈ (0, 1) is a user-defined con-

stant [267]. Note that the terms in brackets in Eq. (26)
and (27) are unitary.

The standard DV LCHS algorithm further approxi-
mates the integrals over k in Eqs. (26) and (27) by dis-
cretizing and truncating them into a finite sum of uni-
taries. This discretization incurs substantial quantum-
resource overhead in circuit implementation, making it
costly for both near-term devices and early fault-tolerant
quantum machines. In particular, the number of terms
for discretizing the integration, denoted by M , scales as

M ∈ O

(
T max

t
∥L(t)∥

(
log

1

ϵ

)1+1/β
)
,

for ϵ being the total error incurred by LCHS. The corre-
sponding circuit requires ⌈log2(M)⌉ ancillary qubits, and
more problematically, ⌈log2(M)⌉-controlled multiple-
qubit unitary operators for Hamiltonian simulations. In
this regime, for a time-independent ODE, the value of
M can reach the order of 106 when ϵ is around 10−5,
β = 0.8, T = 1000, and ∥L∥ = 1. More exact scalings of
LCHS are provided in [265].

By encoding the distribution g(k) as wave functions on
CV systems, the integration in Eqs. (26) and (27) can be
performed by measurement on the CV register. Ref. [62]
provides an example of a CV-based LCHS approach for
ground-state preparation in spin models, and the same
underlying idea can be applied to ODE solvers as well.

F. Sensing

Quantum sensing [268] utilizes quantum resources such
as quantized energy levels, coherent superpositions, and
entanglement to measure physical quantities, achieving
parameter sensitivity beyond the capabilities of classical
protocols [269–273]. Qubit-based sensing can surpass the

limits of classical sensors by exploiting quantum entan-
glement and coherence [274].
Hybrid CV-DV quantum systems offer a potentially

more powerful platform for quantum sensing than purely
qubit-based approaches. One advantage is that the
infinite-dimensional Hilbert space of a single CV mode
allows it to act as a highly efficient transducer, encod-
ing significantly more information about a signal without
the need for a large entangled qubit register. A second
advantage is that information encoded in the CV mode
can then be effectively manipulated via coupling to a DV
register [41] and then readout by performing standard
measurement on the DV qubits. There is also work dis-
cussing how CV methods can be used to model the noise
affecting DV quantum sensing circuits [275].
There has been a growing interest in exploring various

bosonic-mode-enhanced quantum sensing protocols, such
as those involving cat-states or superpositions of Fock
states. Ref. [276] introduced quantum signal process-
ing interferometry (QSPI), which integrates qubits and
bosonic modes via block-encoded hybrid gates to per-
form binary decision tasks, such as weak-signal detec-
tion, using single-qubit readout, enabled by computation
performing on the hybrid CV-DV system. QSPI achieves
Heisenberg-limited (HL) scaling across the full parameter
regime of interest for binary decision problems more re-
source efficiently than cat-state-based sensing. Ref. [277]
demonstrates an efficient phase estimation protocol on
a circuit-QED platform that uses superpositions of co-
herent states and performs two state-transfer operations
on a single bosonic mode. Another work [278] uses cat
states to estimate frequency shifts, achieving HL sensi-
tivity by using phase-space rotations and displacements
to map the frequency shift onto a measurable phase dif-
ference between the cat-state components, which is then
read out by a qubit.

G. Fault tolerance

The theory of quantum error correction (QEC) and
fault tolerance is essential to turning controlled quantum
operations into reliable quantum computation. QEC pro-
tocols that encode DV quantum information into larger
discrete or continuous Hilbert space [57, 151, 279–285]
have been proposed, with the latter approach known as
bosonic QEC [286]. Hybrid CV-DV systems offer eas-
ier methods for logical state preparation and logical gate
synthesis, potentially combining the advantages of DV-
to-DV and DV-to-CV encodings [287]. A key challenge
is scaling these techniques from small demonstrations
to large, utility-scale implementations involving multiple
qumodes and qubits [288, 289].
A much less explored direction is to encode robust

(not necessarily “logical” in the same sense as logical
qubits) CV degrees of freedom into more CV modes,
i.e., CV-to-CV encoding. Refs. [290, 291] explored this
possibility where the idea of repetition codes was used
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as an encoding scheme that distributes the logical vari-
able redundantly across multiple wavepackets. While
Lloyd and Slotine [291] originally constructed a nine-
wavepacket code capable of correcting arbitrary sin-
gle wavepacket displacement errors, Braunstein subse-
quently improved it to a five-wavepacket code [290]. This
construction closely parallels the discrete [[5, 1, 3]] per-
fect QEC code [292–294], encoding one mode into five
and correcting arbitrary displacement errors on any one
mode.

These early successes have spured more recent ad-
vancements. It was realized that errors on CV modes
produced by Gaussian channels (for example, random
displacement channels on each qumode) cannot be cor-
rected with only Gaussian resources. In other words, any
encoding scheme that does not consume non-Gaussian
states or does not use non-Gaussian gates will not be able
to correct Gaussian errors [295]. It was further shown
that encoding schemes that do not contain non-Gaussian
resources cannot exhibit a fault-tolerant threshold in CV
systems [56], in sharp contrast to standard DV quan-
tum error correction. Indeed, using non-Gaussian re-
sources such as GKP states, it is possible to suppress
errors in Gaussian channels [53], despite the require-
ment to prepare a fresh GKP state for every cycle of
error detection. Further questions remain open regard-
ing which sets of logical CV operators can be imple-
mented transversally and which cannot. Beyond intro-
ducing space-redundancy for robust CV encoding, ideas
from control theory [296] may be leveraged for improved
robustness of hybrid CV-CV computing without signifi-
cant spatial overhead.

Although achieving a truly logical, infinite-dimensional
CV-to-CV encoding may be an unrealistic goal, practical
utility does not necessarily require fully fault-tolerant CV
quantum computation. Real-world application, such as
those described in Secs. III and IV, will be executed with
finite time, finite precision, and finite energy. Therefore,
if a CV-to-CV encoding is sufficiently robust to provide
clear utility, the objective is achieved. In particular, a
finite-dimensional encoding with simple logical “quadra-
ture” operators that approximately satisfy the bosonic
commutation relations will be useful.

V. ALGORITHMS, SOFTWARE, AND
TECHNIQUES

In this section we discuss some tools and techniques
unique to hybrid CV-DV quantum computing that are
useful for addressing utility problems. We describe
two basic quantum-algorithmic primitives on hybrid CV-
DV processors in Sec. VA. This is followed by a brief
overview of the quantum software landscape in Sec. VB
and classical simulation of hybrid CV-DV quantum com-
puting in Sec. VC.

A. Hybrid CV-DV algorithms: from quantum
control to algorithms and back

The distinct characteristics of CV systems make al-
gorithm design for hybrid CV–DV processors nontriv-
ial. Nonetheless, the guiding principles of the leading
DV algorithms can often be extended to CV–DV set-
tings. Recent works exemplify this trend by generalizing
Trotter and product formulas [297], linear combinations
of unitaries [62, 298], and quantum signal processing
[40, 276, 299] to hybrid architectures. For an overview,
we refer the reader to a recent tutorial [41] and to ap-
plications of CV–DV processors in quantum simulation
[42]. It is also worth noting that early quantum control
techniques, such as composite pulses and NMR meth-
ods, inspired a wide range of algorithmic developments
that now are returning to improve programmable control
of CV–DV systems with rigorous performance guaran-
tees. In this hybrid context, the traditional boundaries
between control and algorithms are beginning to blur.
In this section, we present two additional new algo-

rithm constructions that are enabled by hybrid CV-DV
quantum computing. Sec. VA1 describes a phase es-
timation algorithms constructed by hybridizing qubits
and CV quantum rotors. Sec. VA2 highlights a CV lin-
ear combination of Hamiltonian simulation (LCHS) algo-
rithm with applications to solving differential equations.

1. Quantum Phase Estimation with Rotors

Even rarer in quantum computing than oscillators are
rotors, which are modeled as particles constrained to
move along a ring. Like oscillators, rotors have position
and momentum degrees of freedom, here corresponding
to angular position and angular momentum. We denote
the angular position operator as φ̂ and the angular mo-

mentum operator as l̂. Unlike oscillators and qudits, ro-
tors have the property that the position space is not iso-
morphic to the momentum space. Because the base space
of the rotor is U(1), it is naturally suited for simulating
systems with periodic structure or underlying U(1) sym-
metry, such as certain gauge theories. Moreover, since
the Pontryagin dual of U(1) is Z, and Z is not isomorphic
to U(1), some standard quantum algorithmic primitives
cannot exist in their usual form. As a result, algorithms
like the QFT must be adapted using combinations of po-
sition and momentum measurements.
Quantum Phase Estimation (QPE) is an approximate

algorithm for recovering the phase applied on an eigen-
vector of a unitary operator [300]. More precisely, for

some unitary operator Û and known eigenvector |ψ⟩, the
QPE algorithm computes θ, where Û |ψ⟩ = eiθ |ψ⟩. No-
tably, for the execution of QPE, there is a requirement of
performing a Quantum Fourier Transform on the ancilla
register qubit. The final output is given by a measure-
ment of the ancilla qubits, which returns the bitstring
representing θ with at least 4

π2 probability.
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We can perform this same QPE algorithm by replacing
the ancilla register with a single quantum rotor (a CV
system). Instead of an oracle that computes controlled

U2j operations, however, we need an oracle that performs
the following:

Ô =
∑
l∈Z

|l⟩ ⟨l| ⊗ U l, (28)

where |l⟩ is a state that labels the quantized angular mo-
mentum of the rotor.

Figure 9. Quantum Phase Estimation algorithm using a single
rotor with the oracle given in Equation (28).

For any eigenstate of the phase operator, |φ = θ0⟩, the
action of the oracle behaves as an angular displacement:

Ô(|φ = θ0⟩ ⊗ |ψ⟩) =
∑
l∈Z

eilθ ⟨l|φ = θ0⟩ (|l⟩ ⊗ |ψ⟩)

=
1√
2π

∑
l∈Z

eil(θ+θ0)(|l⟩ ⊗ |ψ⟩)

= |φ = θ + θ0⟩ ⊗ |ψ⟩ .

This hybrid CV-DV quantum phase estimation algorithm
has a few advantages. Notably, no QFT has to be per-
formed because the angular momentum eigenstate |l⟩ and
the phase states |φ⟩ are related by a Fourier transform
themselves. Furthermore, the resolution of the algo-
rithm, i.e., the precision of the measured θ, is not depen-
dent on the number of rotors, unlike qubit QPE, which
requires a larger qubit register for increased precision.
Here, precision comes from phase measurements and or-
acle implementation.

Moreover, implementing the oracle does not require a
countably infinite linear combination of operators. With
access to arbitrary-precision phase measurements, it suf-
fices to define the oracle on the subset of momentum
states supporting the approximate initial state, introduc-
ing a tradeoff between shot complexity and algorithmic
overhead.

2. CV-DV Linear Combination of Hamiltonian Simulation

Inspired by the continuous LCU framework of [62], a
hybrid CV-DV formulation of LCHS offers a promising
avenue for reducing resource costs and, ideally, eliminat-
ing the truncation and discretization errors inherent in

the integral approximations used in standard qubit-based
LCHS, as in Eqs. (26) and (27). Specifically, continuous
LCU can replace the ⌈log2(M)⌉ ancillary qubits required
in DV LCU circuits with O(1) ancillary oscillators, to-
gether with CV state preparation and CV measurements,
while leaving the Hamiltonian-evolution unitaries in the
qubit space.
To illustrate the process, let us consider a time-

independent homogeneous ODE system, where A(t) := A
and b(t) := 0 for all t. From Eqs. (25) and (26), the com-
plementary solution becomes

u(t) =

[∫
R
g(k)e−it(kL+H)dk

]
u0, (29)

for t ∈ [0, T ]. Using a single oscillator for the ancilla in
continuous LCU, the qubits that synthesize the unitary
e−it(kL+H) need to couple with this ancillary oscillator,
leading to the joint evolution

e−it(L⊗p̂+H⊗I), (30)

where p̂ is the momentum operator and I is the identity
operator. That is to say, the qumode remains untouched
when H acts on the qubit system.
Before forming the circuit for the joint evolution, the

function g(k) has to be obtained. To do this, we need
to prepare and post-select two appropriate CV states.
Let |ψ⟩ be the preparation state, the state prepared in
the oscillator before the joint evolution, and |ϕ⟩ be the
projection state, the state post-selected at the end. The
effective operation on the qumode register after the pro-
jection of the DV register to |ϕ⟩ is [62]

⟨ϕ| e−it(L⊗p̂+H⊗I) |ψ⟩ =
∫
R
dp ϕ∗(p)ψ(p)e−it(pL+H).

Comparing to Eq. (29), this gives g(p) = ϕ∗(p)ψ(p).
Namely, we just need to engineer the preparation and
post-selection states to obtain an appropriate g(p) that
satisfies LCHS’s requirements. We can fix the post-
selection state |ϕ⟩ to a squeezed vacuum state ϕr(p) :=

S(r, 0)ϕ0(p) ∝ e−p2/e2r , and this gives the corresponding
initial state to be prepared

ψr(p) := g(p)ep
2/e2r . (31)

We now consider two special cases of ψr(p) preparation
and their implications.

• r = 0 : In this case ϕr(p) is the vacuum state. How-
ever, for the vacuum state, our preparation state
becomes

ψ0(p) := g(p)ep
2

, (32)

which is not a physically realizable state, as∫
R |ψ0(p)|2dp is not finite and diverges.

This gives an additional condition for g(p) for CV-
DV LCHS:

∃ r ∈ R+ s.t

∫
R
dp|g(p)|2e2p

2/e2r <∞.
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• r → ∞ : This leads to ϕr(p) being the infinitely
squeezed vacuum state. Then the preparation state
is simply the kernel itself:

ψ∞(p) := lim
r→∞

ψr(p) = g(p). (33)

If necessary, the desired state |ψ⟩ can be ap-
proximated via a finite Fock expansion ψ(p) ≈∑Nmax

n=0 Cn ⟨p|n⟩ , where coefficients {Cn} are defined as
Cn =

∫
R dp ϕ∗n(p)ψ(p). To achieve an overall approxima-

tion error ϵ in representing ψ(p), it can be shown that
choosing the Fock cutoff

Nmax = O

(
log2

( 1

ϵ−O(e−2r)

))
, (34)

is sufficient for a finite squeezing parameter r = Ω(log 1
ϵ ).

Synthesizing the oracle in Eq. (30) for matrices L and
H is the key to make the entire algorithm efficient, with
basis-gate implementations that are problem-specific and
highly dependent on the computational basis chosen.
Many previous works in the DV regime tackle this prob-
lem by decomposing coefficient matrices into linear com-
binations of Pauli matrices, for example, hyperbolic par-
tial differential equations [301] and advection-diffusion
equations [302]. Leveraging these design principles and
following the circuit-synthesis techniques of [62], the evo-
lution of decomposed Hamiltonian coupled to the oscil-
lator can be implemented as a CV-DV circuit.

B. Software development kit (SDK) for hybrid
CV-DV computing

A large software ecosystem exists for DV circuits
(Qiskit [303], Cirq [304], Pennylane [305], etc.), enabling
transpilation to hardware, classical simulation of small
problem instances, and quantum resource estimation of
large circuits, which is essential for determining the feasi-
bility of quantum applications on real hardware. For CV
systems, some limited options exist (for insatance Pen-
nylane/StrawberryFields [306], Bosonic Qiskit [307]).

To the best of our knowledge, only Bosonic Qiskit sup-
ports hybrid CV-DV instructions, but because it wraps
Qiskit, it lacks native support for qumodes. One thrust
of our work is developing a new package enabling similar
capabilities already enjoyed by the DV ecosystem: ab-
stractly defining hybrid CV-DV circuits, dispatching cir-
cuits to many different backends, and performing quan-
tum resource estimation of large circuits.

Our early prototype [308] extends Pennylane, as it was
the only mainstream framework flexible enough to allow
native qumode objects, and has several features:

1. Gate definitions are decoupled from the matrices
that represent them during simulation, enabling de-
scription and decomposition of circuits with large
numbers of qubits and qumodes.

2. Circuits are validated by statically analyz-
ing the structure and inferring qumodes and
qubits from the operations and measurements.
Qubit/homodyne/Fock measurements are addi-
tionally inferred through static analysis.

3. It is compatible with existing Pennylane gates and
operators. Furthermore, hybrid CV-DV devices
may be defined through the usual Pennylane “De-
vice” interface, and we provide an example de-
vice that classically simulates these circuits using
Bosonic Qiskit as a backend.

4. An intermediate representation based on Open-
QASM is also planned, with modifications to sup-
port typing qubits/qumodes and performing homo-
dyne or Fock measurements.

As development continues, we hope others will find it
useful to integrate simulators and/or real hardware de-
vices.

C. Classical simulation of CV-DV circuits

General-purpose DV simulators such as Qiskit-
Aer [303], Cirq [304], and QuEST [309] have pushed
state-vector simulation to the scale of dozens of qubits,
leveraging GPU acceleration [310] and distributed HPC
systems with strong-scaling results demonstrated across
multiple platforms [311–313]. These successes highlight
the maturity of DV simulation, while also setting a base-
line against which hybrid extensions must be measured.
The challenge becomes apparent when considering the

scaling of hybrid CV–DV systems. The statevector di-
mension grows as the product of contributions from
qubits and qumodes. For n qubits, the Hilbert space
dimension is 2n, while for m qumodes with cutoffs
f1, f2, . . . , fm, it is f1×f2×· · ·×fm, or fm if each qumode
has the same cutoff f . Thus, the combined Hilbert space
dimension is 2n ·fm, and when noise is included, the cor-
responding density-matrix dimension becomes 4n · f2m.
This exponential growth makes naive extensions of DV
tools to hybrid CV–DV settings impractical.
For CV-only systems, tensor network methods such as

MPS [314, 315] provide partial relief by trading accu-
racy for efficiency, but equivalent strategies for hybrid
systems remain largely unexplored. Reference [315] pro-
poses an approach to represent the state vector as a
tensor-train decomposition, saving on memory require-
ments and hence being able to store more qumodes com-
pared to classical approaches. Furthermore, this work
outlines that most of the gates used for this represen-
tation, e.g. displacement, squeezing, and beamsplitter,
exhibit sparsity patterns which reduce both their corre-
sponding memory requirements and computational com-
plexity. One drawback of the tensor representation is the
fact that the state vector must always be preserved in the
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tensor train format even after applying the gates. There-
fore, as part of this thrust we focus on developing an ap-
proximate approach built on top of tensor-train decom-
positions. We propose an automatic framework meant
to schedule the gate computation andthe re-compression
stages, minimizing communication and redundant com-
putation. We will focus on creating a solution that can
easily be targeted towards both multi-CPU and GPU
systems.

To address bosonic modes directly, CV-focused simu-
lators such as Strawberry Fields, Piquasso, and Perceval
support photonic circuit design with Gaussian and Fock
backends [306, 316–319]. These frameworks excel at mod-
eling continuous-variable processes but typically impose
a global cutoff and lack integration with qubits, making
them unsuitable for hybrid workloads.

As seen in the previous section, hybrid approaches are
beginning to appear, most prominently Bosonic-Qiskit,
which extends Qiskit with qumodes and CV gates [307].
However, it embeds each cutoff f into the nearest power-
of-two qubit representation, overshooting the required di-
mension. For example, a qumode with f = 12 is mapped
to x = 4 qubits (since 24 = 16), thereby increasing the
simulation cost. Moreover, because it inherits Aer as
its backend, every qumode operation must be transpiled
into a qubit circuit—a costly step exacerbated in para-
metric workloads such as VQAs. Compiler-level efforts
like Genesis [320] explore CV–DV-QASM generation, but
a scalable simulator designed natively for hybrid CV–DV
circuits has yet to emerge.

Hence, one thrust of our work is developing a general-
purpose hybrid CV–DV simulator aimed at HPC-scale
execution. It operates directly on mixed state spaces
with qubits and bosonic modes, each qumode supporting
an independent Fock cutoff to optimize memory usage
and avoid the global cutoff bottleneck of existing Fock-
based simulators. Our package is being designed to scale
across multi-node HPC systems via MPI and to support
multiple execution backends for high-performance evolu-
tion over large state spaces. To encourage adoption, we
plan to make it interoperable with frontends such as Pen-
nyLane, Qiskit, and our early natively hybrid prototype
(Section VB) by implementing standard device/backend
interfaces, while also providing a native interface for ad-
vanced users who wish to leverage HPC-specific optimiza-
tions directly.

VI. CONCLUSION

The hardware capabilities of hybrid CV–DV quantum
computers continue to advance, either as a natural com-
ponent of the CV system, such as the vibrational modes
in trapped ion systems, or in their own right, such as res-
onant cavities coupled to a DV mode. In this work, we
have outlined a set of problems and research directions
that can directly benefit from such architectures. We
have demonstrated that some of the most scientifically

compelling and practically relevant problems are inher-
ently hybrid, and therefore stand to gain substantially
from quantum computers whose native CV–DV struc-
ture mirrors that of the target models. Our highlighted
problems range from applied (photo-chemistry) to the-
oretical (quantum field theory) to optimization (Max-
Cut), reflecting a broad scientific scope of interest across
physics, chemistry, and computer science. We have fur-
ther presented several new CV-DV quantum algorithms,
and emphasized the need for corresponding software de-
velopment and classical simulation capabilities. We hope
that these problems will serve as useful benchmark tar-
gets for the community as hybrid hardware and software
stacks continue to mature.
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Appendix A: Conical Intersections

Diabatic Hamiltonians are widely used to model coni-
cal intersections (CIs). The most general is the multi-
state linear vibronic coupling (LVC) or quadratic vi-
bronic coupling (QVC) [126–128] form:

H = Tnuc +

M∑
α=1

[
Eα + k⊤

αq+ 1
2q

⊤Kαq
]
|α⟩⟨α|

+
∑
α<β

[
λ⊤αβq+ 1

2q
⊤Λαβq

](
|α⟩⟨β|+ h.c.

)
, (A1)

where Tnuc =
∑

i p
2
i /2mi and q are mass-weighted nor-

mal coordinates (optionally including Duschinsky ro-
tations). The diagonal blocks describe local PESs
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(LVC/QVC), while off-diagonal couplings generate the
CI seam and branching plane.

For minimal models, a two-state, two-mode LVC
Hamiltonian in the branching-plane basis is often used:

H = Tnuc +
1
2

(
P 2
g + P 2

h

)
1+ 1

2

(
Ω2

gQ
2
g +Ω2

hQ
2
h

)
1

+
[
∆+ κgQg

]
σz + λhQh σx, (A2)

where Qg tunes the energy gap, Qh provides the nonadi-
abatic coupling, and σz,x act on diabatic states.
In open-system contexts, a spin–boson type Hamilto-

nian is used to include dissipative environments:

H = HLVC +
∑
k

ωkb
†
kbk +

∑
α,k

gαk|α⟩⟨α|(b†k + bk), (A3)

which couples electronic states to harmonic baths repre-
senting protein or solvent fluctuations. CIs are charac-
terized by branching-plane vectors in the adiabatic rep-
resentation: g = ∇R(E2 − E1) and h = (E2 − E1)d12

with d12 = ⟨ϕ1|∇Rϕ2⟩. Dynamics are tracked by popula-
tion transfer Pα→β(t), branching ratios, quantum yields,
nonadiabatic coupling norms ∥dαβ∥, geometric phase sig-
natures, and spectroscopic observables such as ultrafast
pump–probe or 2D electronic signals.
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and S. Rosenblum, PRX Quantum 4, 030336 (2023).

[18] A. Copetudo, C. Y. Fontaine, F. Valadares, and Y. Y.
Gao, Appl. Phys. Lett. 124 (2024).

[19] A. Blais, A. L. Grimsmo, S. M. Girvin, and A. Wallraff,
Rev. Mod. Phys. 93, 025005 (2021).

[20] A. Blais, S. M. Girvin, and W. D. Oliver, Nat. Phys.
16, 247 (2020).

[21] Z.-L. Xiang, S. Ashhab, J. Q. You, and F. Nori, Rev.
Mod. Phys. 85, 623 (2013).

[22] U. L. Andersen, J. S. Neergaard-Nielsen, P. van Loock,
and A. Furusawa, Nat. Phys. 11, 713 (2015).

[23] S. L. Braunstein and P. van Loock, Rev. Mod. Phys.
77, 513 (2005).

[24] C. Weedbrook, S. Pirandola, R. Garćıa-Patrón, N. J.
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and I. Bloch, Nature 415, 39 (2002).

[145] M. P. Kennett, ISRN Condens. Matter Phys. 2013,
1–39 (2013).

[146] J. B. Kogut, Rev. Mod. Phys. 51, 659 (1979).
[147] S. Lloyd, in Quantum information with continuous vari-

ables (Springer, 2003) pp. 37–45.
[148] U. L. Andersen, J. S. Neergaard-Nielsen, P. van

Loock, and A. Furusawa, Nature Phys. 11, 713 (2015),
arXiv:1409.3719 [quant-ph].

[149] Z. Davoudi, N. M. Linke, and G. Pagano, Phys. Rev.
Res. 3, 043072 (2021), arXiv:2104.09346 [quant-ph].

[150] R. T. Sutherland and R. Srinivas, Phys. Rev. A 104,
032609 (2021).

[151] Y. Liu, S. Singh, K. C. Smith, E. Crane, J. M. Martyn,
A. Eickbusch, A. Schuckert, R. D. Li, J. Sinanan-Singh,
M. B. Soley, T. Tsunoda, I. L. Chuang, N. Wiebe, and
S. M. Girvin, PRX Quantum (2025), 10.1103/4rf7-9tfx.

[152] E. Crane, K. C. Smith, T. Tomesh, A. Eickbusch, J. M.
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[164] T. V. Zache, D. González-Cuadra, and P. Zoller,
Phys. Rev. Lett. 131, 171902 (2023), arXiv:2304.02527
[quant-ph].

[165] T. Hayata and Y. Hidaka, JHEP 09, 123 (2023),
arXiv:2306.12324 [hep-lat].

[166] A. Bazavov, S. Catterall, R. G. Jha, and
J. Unmuth-Yockey, Phys. Rev. D 99, 114507 (2019),
arXiv:1901.11443 [hep-lat].

[167] Y. Meurice, R. Sakai, and J. Unmuth-Yockey, Rev.
Mod. Phys. 94, 025005 (2022), arXiv:2010.06539 [hep-
lat].

[168] M. Illa, C. E. P. Robin, and M. J. Savage, Phys. Rev.
D 110, 014507 (2024), arXiv:2403.14537 [quant-ph].

[169] P. Balaji, C. Conefrey-Shinozaki, P. Draper, J. K. El-
haderi, D. Gupta, L. Hidalgo, A. Lytle, and E. Rinaldi,
Phys. Rev. D 112, 054511 (2025), arXiv:2503.08866
[hep-lat].

[170] D. Horn, Phys. Lett. B 100, 149–151 (1981).
[171] P. Orland and D. Rohrlich, Nucl. Phys. B 338, 647–672

(1990).
[172] S. Chandrasekharan and U. J. Wiese, Nucl. Phys. B

492, 455 (1997), arXiv:hep-lat/9609042.
[173] R. Brower, S. Chandrasekharan, and U. J. Wiese, Phys.

Rev. D 60, 094502 (1999), arXiv:hep-th/9704106.
[174] U.-J. Wiese, Annalen Phys. 525, 777 (2013),

arXiv:1305.1602 [quant-ph].
[175] M. Mathur and D. Sen, J. Math. Phys. 42, 4181 (2001),

arXiv:quant-ph/0012099.
[176] M. Mathur, J. Phys. A 38, 10015 (2005), arXiv:hep-

lat/0403029.
[177] R. Anishetty, M. Mathur, and I. Raychowdhury, J.

Phys. A 43, 035403 (2010), arXiv:0909.2394 [hep-lat].
[178] R. Anishetty, M. Mathur, and I. Raychowdhury, J.

Math. Phys. 50, 053503 (2009), arXiv:0901.0644 [math-
ph].

[179] I. Raychowdhury and J. R. Stryker, Phys. Rev. D 101,
114502 (2020), arXiv:1912.06133 [hep-lat].

[180] S. V. Kadam, I. Raychowdhury, and J. R. Stryker,
Phys. Rev. D 107, 094513 (2023), arXiv:2212.04490
[hep-lat].

[181] Z.-X. Yang, H. Matsuda, X.-G. Huang, and
K. Kashiwa, Phys. Rev. D 112, 034511 (2025),
arXiv:2503.20828 [hep-lat].

[182] G. Bergner, M. Hanada, E. Rinaldi, and A. Schafer,
JHEP 05, 234 (2024), arXiv:2401.12045 [hep-th].

[183] A. N. Ciavarella and C. W. Bauer, Phys. Rev. Lett. 133,
111901 (2024), arXiv:2402.10265 [hep-ph].

[184] Y. Tong, V. V. Albert, J. R. McClean, J. Preskill,
and Y. Su, Quantum 6, 816 (2022), arXiv:2110.06942
[quant-ph].

https://www.worldscientific.com/worldscibooks/10.1142/8334
http://dx.doi.org/ 10.1038/nmat4392
http://dx.doi.org/10.1039/C7CP03007J
http://dx.doi.org/10.1039/C7CP03007J
http://dx.doi.org/ 10.1038/s41928-025-01462-7
http://dx.doi.org/ 10.1038/s41928-025-01462-7
http://dx.doi.org/10.1557/JMR.2004.0266
https://doi.org/10.1007/978-1-4757-5714-9
https://doi.org/10.1093/oso/9780198566335.001.0001
https://doi.org/10.1093/oso/9780198566335.001.0001
http://dx.doi.org/10.1103/PhysRevLett.42.1698
http://dx.doi.org/10.1103/PhysRevLett.42.1698
http://dx.doi.org/10.1103/PhysRevX.10.021062
http://dx.doi.org/10.1103/PhysRevX.10.021062
http://dx.doi.org/10.1103/PhysRevA.97.062311
http://dx.doi.org/ 10.22331/q-2021-11-08-572
http://dx.doi.org/ 10.22331/q-2021-11-08-572
http://arxiv.org/abs/2103.15021
http://dx.doi.org/ 10.1103/PhysRevResearch.6.043212
http://arxiv.org/abs/2310.15919
http://dx.doi.org/10.1038/s41534-020-0269-1
http://dx.doi.org/10.1038/s41534-020-0269-1
http://dx.doi.org/10.1103/PhysRevB.40.546
http://dx.doi.org/ 10.1038/415039a
http://dx.doi.org/10.1155/2013/393616
http://dx.doi.org/10.1155/2013/393616
http://dx.doi.org/10.1103/RevModPhys.51.659
https://doi.org/10.1007/978-94-015-1258-9_5
https://doi.org/10.1007/978-94-015-1258-9_5
http://dx.doi.org/10.1038/nphys3410
http://arxiv.org/abs/1409.3719
http://dx.doi.org/10.1103/PhysRevResearch.3.043072
http://dx.doi.org/10.1103/PhysRevResearch.3.043072
http://arxiv.org/abs/2104.09346
http://dx.doi.org/10.1103/PhysRevA.104.032609
http://dx.doi.org/10.1103/PhysRevA.104.032609
http://dx.doi.org/ 10.1103/4rf7-9tfx
http://dx.doi.org/10.48550/arXiv.2409.03747
http://dx.doi.org/10.48550/arXiv.2409.03747
http://dx.doi.org/ 10.1103/kbv4-jj51
http://dx.doi.org/ 10.1007/JHEP06(2025)084
http://arxiv.org/abs/2410.14580
http://dx.doi.org/10.3254/ENFI250004
http://dx.doi.org/10.1103/PhysRevD.21.3350
http://dx.doi.org/10.1016/0550-3213(84)90033-6
http://dx.doi.org/10.22323/1.007.0229
http://dx.doi.org/10.22323/1.007.0229
http://arxiv.org/abs/hep-lat/0112003
http://dx.doi.org/10.1103/PhysRevD.105.114508
http://arxiv.org/abs/2112.08482
http://arxiv.org/abs/2112.08482
http://dx.doi.org/10.1103/PhysRevD.105.114508
http://dx.doi.org/ 10.1103/PhysRevD.110.034515
http://arxiv.org/abs/2405.05973
http://dx.doi.org/ 10.1103/PhysRevD.109.094502
http://dx.doi.org/ 10.1103/PhysRevD.109.094502
http://arxiv.org/abs/2308.05253
http://dx.doi.org/ 10.1103/PhysRevLett.131.171902
http://arxiv.org/abs/2304.02527
http://arxiv.org/abs/2304.02527
http://dx.doi.org/10.1007/JHEP09(2023)123
http://arxiv.org/abs/2306.12324
http://dx.doi.org/10.1103/PhysRevD.99.114507
http://arxiv.org/abs/1901.11443
http://dx.doi.org/10.1103/RevModPhys.94.025005
http://dx.doi.org/10.1103/RevModPhys.94.025005
http://arxiv.org/abs/2010.06539
http://arxiv.org/abs/2010.06539
http://dx.doi.org/10.1103/PhysRevD.110.014507
http://dx.doi.org/10.1103/PhysRevD.110.014507
http://arxiv.org/abs/2403.14537
http://dx.doi.org/ 10.1103/k8f6-yft8
http://arxiv.org/abs/2503.08866
http://arxiv.org/abs/2503.08866
http://dx.doi.org/10.1016/0370-2693(81)90763-2
http://dx.doi.org/10.1016/0550-3213(90)90646-u
http://dx.doi.org/10.1016/0550-3213(90)90646-u
http://dx.doi.org/10.1016/S0550-3213(97)00006-0
http://dx.doi.org/10.1016/S0550-3213(97)00006-0
http://arxiv.org/abs/hep-lat/9609042
http://dx.doi.org/10.1103/PhysRevD.60.094502
http://dx.doi.org/10.1103/PhysRevD.60.094502
http://arxiv.org/abs/hep-th/9704106
http://dx.doi.org/10.1002/andp.201300104
http://arxiv.org/abs/1305.1602
http://dx.doi.org/10.1063/1.1385563
http://arxiv.org/abs/quant-ph/0012099
http://dx.doi.org/10.1088/0305-4470/38/46/008
http://arxiv.org/abs/hep-lat/0403029
http://arxiv.org/abs/hep-lat/0403029
http://dx.doi.org/10.1088/1751-8113/43/3/035403
http://dx.doi.org/10.1088/1751-8113/43/3/035403
http://arxiv.org/abs/0909.2394
http://dx.doi.org/10.1063/1.3122666
http://dx.doi.org/10.1063/1.3122666
http://arxiv.org/abs/0901.0644
http://arxiv.org/abs/0901.0644
http://dx.doi.org/10.1103/PhysRevD.101.114502
http://dx.doi.org/10.1103/PhysRevD.101.114502
http://arxiv.org/abs/1912.06133
http://dx.doi.org/10.1103/PhysRevD.107.094513
http://arxiv.org/abs/2212.04490
http://arxiv.org/abs/2212.04490
http://dx.doi.org/10.1103/pj6x-zymq
http://arxiv.org/abs/2503.20828
http://dx.doi.org/10.1007/JHEP05(2024)234
http://arxiv.org/abs/2401.12045
http://dx.doi.org/10.1103/PhysRevLett.133.111901
http://dx.doi.org/10.1103/PhysRevLett.133.111901
http://arxiv.org/abs/2402.10265
http://dx.doi.org/ 10.22331/q-2022-09-22-816
http://arxiv.org/abs/2110.06942
http://arxiv.org/abs/2110.06942


26

[185] A. Kan and Y. Nam, Quantum Science and Technology
8, 015008 (2022).

[186] K. Marshall, R. Pooser, G. Siopsis, and C. Weedbrook,
Phys. Rev. A 92, 063825 (2015), arXiv:1503.08121
[quant-ph].

[187] D. Yang, G. S. Giri, M. Johanning, C. Wunderlich,
P. Zoller, and P. Hauke, Phys. Rev. A 94, 052321
(2016), arXiv:1604.03124 [quant-ph].

[188] S. Thompson and G. Siopsis, Quant. Inf. Proc. 22, 396
(2023), arXiv:2303.02425 [quant-ph].

[189] S. P. Jordan, K. S. M. Lee, and J. Preskill, Quant. Inf.
Comput. 14, 1014 (2014), arXiv:1112.4833 [hep-th].

[190] S. P. Jordan, H. Krovi, K. S. M. Lee, and J. Preskill,
Quantum 2, 44 (2018), arXiv:1703.00454 [quant-ph].

[191] A. Hardy et al., arXiv:2407.13819 (2024).
[192] S. Abel, M. Spannowsky, and S. Williams, Phys. Rev.

A 110, 012607 (2024), arXiv:2403.10619 [quant-ph].
[193] A. Polyakov, Phys. Lett. B 59, 79–81 (1975).
[194] A. A. Migdal, Sov. Phys. JETP 42, 743 (1975).
[195] C. J. Hamer, J. B. Kogut, and L. Susskind, Phys. Rev.

D 19, 3091 (1979).
[196] H. Singh and S. Chandrasekharan, Phys. Rev. D 100,

054505 (2019), arXiv:1905.13204 [hep-lat].
[197] T. Bhattacharya, A. J. Buser, S. Chandrasekharan,

R. Gupta, and H. Singh, Phys. Rev. Lett. 126, 172001
(2021), arXiv:2012.02153 [hep-lat].

[198] R. G. Jha, F. Ringer, G. Siopsis, and S. Thompson,
Phys. Rev. A 109, 052412 (2024), arXiv:2310.12512
[quant-ph].

[199] R. G. Jha, F. Ringer, G. Siopsis, and S. Thompson, PoS
LATTICE2023, 230 (2024), arXiv:2308.06946 [hep-
lat].

[200] F. J. Wegner, J. Math. Phys. 12, 2259 (1971).
[201] J. Mildenberger, W. Mruczkiewicz, J. C. Halimeh,

Z. Jiang, and P. Hauke, Nature Phys. 21, 312 (2025),
arXiv:2203.08905 [quant-ph].

[202] C. Muschik, M. Heyl, E. Martinez, T. Monz,
P. Schindler, B. Vogell, M. Dalmonte, P. Hauke,
R. Blatt, and P. Zoller, New J. Phys. 19, 103020 (2017),
arXiv:1612.08653 [quant-ph].

[203] R. C. Farrell, M. Illa, A. N. Ciavarella, and M. J. Sav-
age, Phys. Rev. D 109, 114510 (2024), arXiv:2401.08044
[quant-ph].

[204] D. Gonzalez-Cuadra et al., Nature 642, 321 (2025),
arXiv:2410.16558 [quant-ph].

[205] J. B. Kogut and L. Susskind, Phys. Rev. D 11, 395
(1975).

[206] E. Zohar and M. Burrello, Phys. Rev. D 91, 054506
(2015), arXiv:1409.3085 [quant-ph].

[207] K. G. Wilson, Phys. Rev. D 10, 2445 (1974).
[208] P. A. M. Dirac, Rev. Mod. Phys. 21, 392 (1949).
[209] S. Romiti and C. Urbach, Eur. Phys. J. C 84, 708

(2024), arXiv:2311.11928 [hep-lat].
[210] I. D’Andrea, C. W. Bauer, D. M. Grabowska, and

M. Freytsis, Phys. Rev. D 109, 074501 (2024),
arXiv:2307.11829 [hep-ph].

[211] L. Susskind, Phys. Rev. D 16, 3031 (1977).
[212] P. H. Ginsparg and K. G. Wilson, Phys. Rev. D 25,

2649 (1982).
[213] D. B. Kaplan, Phys. Lett. B 288, 342–347 (1992).
[214] H. Neuberger, Phys. Lett. B 417, 141 (1998), arXiv:hep-

lat/9707022.
[215] S. B. Bravyi and A. Y. Kitaev, Annals Phys. 298, 210

(2002), arXiv:quant-ph/0003137.

[216] K. Setia, S. Bravyi, A. Mezzacapo, and J. D. Whitfield,
Phys. Rev. Res. 1, 033033 (2019), arXiv:1810.05274
[quant-ph].

[217] M. Creutz, Phys. Rev. D 15, 1128 (1977).
[218] S. A. Chin, O. S. Van Roosmalen, E. A. Umland, and

S. E. Koonin, Phys. Rev. D 31, 3201 (1985).
[219] E. Witten, J. Diff. Geom. 17, 661 (1982).
[220] J. Wess and B. Zumino, Nucl. Phys. B 70, 39–50 (1974).
[221] S. Catterall, R. G. Jha, D. Schaich, and T. Wiseman,

Phys. Rev. D 97, 086020 (2018), arXiv:1709.07025 [hep-
th].

[222] S. Catterall, J. Giedt, R. G. Jha, D. Schaich, and
T. Wiseman, Phys. Rev. D 102, 106009 (2020),
arXiv:2010.00026 [hep-th].

[223] J. M. Maldacena, Adv. Theor. Math. Phys. 2, 231
(1998), arXiv:hep-th/9711200.

[224] P. M. Crichigno, arXiv preprint (2020),
10.48550/arXiv.2011.01239, arXiv:2011.01239 [quant-
ph].

[225] C. Culver and D. Schaich, PoS LATTICE2021, 153
(2022), arXiv:2112.07651 [hep-lat].

[226] A. K. Daniel, Y. Zhu, C. H. Alderete, V. Buchemmavari,
A. M. Green, N. H. Nguyen, T. G. Thurtell, A. Zhao,
N. M. Linke, and A. Miyake, Phys. Rev. Res. 4 (2022),
10.1103/physrevresearch.4.033068.

[227] O. Hart, D. T. Stephen, D. J. Williamson, M. Foss-
Feig, and R. Nandkishore, Phys. Rev. Lett. 134 (2025),
10.1103/physrevlett.134.130602.

[228] J. Furches, S. Chehade, K. Hamilton, N. Wiebe, and
C. O. Marrero, Quantum Sci. Technol. 10, 045013
(2025).

[229] O. Thearle, J. Janousek, S. Armstrong, S. Hosseini,
M. Schünemann (Mraz), S. Assad, T. Symul, M. R.
James, E. Huntington, T. C. Ralph, and P. K.
Lam, Phys. Rev. Lett. 120 (2018), 10.1103/phys-
revlett.120.040406.

[230] B. Vlastakis, A. Petrenko, N. Ofek, L. Sun, Z. Leghtas,
K. Sliwa, Y. Liu, M. Hatridge, J. Blumoff, L. Frunzio,
M. Mirrahimi, L. Jiang, M. Devoret, and R. Schoelkopf,
Nat. Commun. 6, 8970 (2015).

[231] S. Chehade, A. Delgado, and E. Wong,
arXiv:2505.13366 (2025).
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