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Abstract—Tensor-Train (TT) decomposition provides a low-
rank tensor approximation by factorizing a tensor into intercon-
nected three-dimensional core tensors (TT-cores). Conventional
TT methods, originally developed for dense tensors, tend to
neglect sparsity and produce dense TT-cores, or fail to yield
valid results due to their limited capability to handle sparse
data. This limitation leads to high computational overhead and
increased memory consumption both during decomposition and
in downstream TT-core operations. In this work, we propose
Sparse Tensor-Train Interpolative Decomposition (STTID), a
novel algorithm based on the compressed format that stably
decomposes sparse tensors and preserves sparsity in the TT-
cores. We address computational bottlenecks in STTID through
algorithmic optimizations such as selective data separation and
hash-based indexing, and further by developing a hybrid CPU-
GPU design. Our evaluation shows that STTID produces sparse
TT-cores for sparse input tensors without compromising approx-
imation accuracy. STTID is the first algorithm to efficiently
decompose large sparse tensors that existing TT algorithms
cannot handle. Our GPU-accelerated implementation achieves
speedups of 77.9x-169.9x on an NVIDIA A5000 and 194.3x-
550.3x on an H100 GPU over the CPU counterpart for tensors
with more than one million nonzeros.

I. INTRODUCTION

Modern data often resides in multidimensional spaces, de-
manding mathematical tools beyond traditional matrix algebra.
Tensors, as multidimensional generalizations of matrices, have
become indispensable for modeling such data across fields
such as machine learning [64, [102], signal processing [88]],
neuroimaging analysis [37]], and quantum simulation [22} [73].
When processing tensors, a fundamental challenge stems from
what is called the curse of dimensionality [10, [11]: the
number of elements in a tensor grows exponentially with its
dimensionality, leading to severe computational and memory
demands.

The scaling limitation motivates the development of tensor
decompositions [43) [88]], which can mitigate this curse by
replacing full tensors with compact representations. While
traditional tensor decompositions such as CANDECOMP/-
PARAFAC (CP) and Tucker [43] remain the most widely
studied and applied models, Tensor-Train (TT) decomposi-
tion [10, 69] has attracted increasing interest as a powerful
compressed representation and an effective solution to mitigate
the curse of dimensionality in applications such as neural
network compression [64, [102]], knowledge graph reason-
ing [57]], and high-dimensional partial differential equations
(PDEs) [79].

In many scenarios, tensors exhibit sparsity [ [10, [75],
a desirable property that provides significant computational
advantages. In domains such as quantum simulation and
neural networks, preserving sparsity in tensor factors is par-
ticularly valuable for quality assessment and for algorithmic
efficiency [4) 22| |64} (101} [103]. The growing prevalence of
sparse tensors has spurred extensive research into scalable
methods for their processing, especially within CP and Tucker
decompositions [8l 141} 49| 93].

However, performing TT decomposition on sparse tensors
is non-trivial. The foundational TT algorithm, TT-SVD [69],
achieves optimal approximation accuracy for given ranks but
disrupts the input structure, leading to a loss of sparsity during
the sequential SVD process. The TT-cross [70], designed
for partially-accessible tensor functions, inherently preserves
input sparsity through the cross decomposition but struggles
to achieve accurate TT approximations and often breaks down
when applied to highly sparse tensors. The current lack of a
robust method that retains and exploits sparsity during TT
decomposition constrains its scalability for sparse tensors.
This limitation also hinders potential performance gains in
downstream computation and data interpretability by failing
to produce sparsity-preserving output.

Motivated by the benefits of sparse tensors and the limita-
tions of existing methods, we propose the following research
objective: Develop a TT algorithm that preserves sparsity
Jrom the input to the output tensor train, leveraging the
computational advantages of sparse tensors to ensure scal-
able decomposition. Achieving this aim requires addressing
three main challenges.

Challenge 1: Developing a robust TT algorithm that pre-
serves sparsity in output while maintaining approximation
accuracy. As established, current TT methods, such as TT-
SVD and TT-cross, struggle with sparse tensors, either by
losing sparsity or failing to complete the decomposition. For
conventional dense TT methods, sparsity could be enforced
via regularization [14] 39]. By enforcing zeros via £!-norm
constraints, one can induce sparsity in TT without severely
compromising accuracy. However, the effectiveness of regu-
larization is highly dependent on the data, and regularization
offers little improvement in scalability, as the underlying TT
decomposition remains dense.

Challenge 2: Designing efficient TT algorithms that operate
directly on compressed sparse tensor formats. Compressed



storage formats, such as the coordinate format [48]], store only
the nonzero entries of a sparse tensor, which represents a
small fraction of the entire data. These formats have proven
both memory- and computation-efficient for sparse CP and
Tucker decompositions [8 |41] and enable the handling of
higher-dimensional tensors that would be infeasible with dense
representations. As of today, existing TT algorithms, including
some modern variants [36, 51, 66, [80], are not designed
for sparse formats and rely on dense implementations. Con-
sequently, they have yet to demonstrate scalable processing
capabilities for the large sparse tensors encountered in real-
world applications.

Challenge 3: The high computational cost of the TT decom-
position on large sparse tensors poses a significant demand on
computing resources. TT computation is inherently expensive
due to the high dimensionality of tensors. For instance, the
asymptotic complexity of TT-SVD for a d-dimensional hyper-
cubic tensor with dimension size n is O(n?*+1) [69,80]. While
compressed representations reduce the problem size to the
number of nonzeros, large sparse tensors with many nonzero
entries render serial execution highly inefficient. Thus, lever-
aging parallel computational power, such as GPUs, is critical
for achieving high performance, requiring both parallelization
and specialized optimizations strategies that differ from those
used for dense tensors.

To address these three research challenges, we propose an
efficient sparse TT-ID algorithm, termed STTID, for both
CPUs and GPUs, built using a compressed sparse format and
enhanced with multiple performance optimization strategies.
STTID is the first approach to enable efficient TT decom-
position of large-scale sparse tensors arising from real ap-
plications while preserving sparsity in the TT-cores, thereby
fully exploiting sparsity not only during the decomposition
process but also in downstream computations. In summary,
our major contributions are as follows:

« We propose a new Tensor-Train Interpolative Decomposition
(TT-ID) algorithm designed for sparse tensors. Leveraging
interpolative decomposition (ID) via partial rank-revealing
LU (PRRLU), TT-ID can robustly compute optimal TT
representations while maintaining sparsity from the decom-
position process to output. (Section

o We design a sparse TT-ID algorithm, STTID, that oper-
ates directly on a compressed format of sparse data and
introduce optimizations such as selective data separation
and hash table-based Gaussian elimination to enhance its
performance. (Section Section

o We develop a hybrid CPU-GPU implementation of STTID
that strategically manages data placement, asynchronous
transfers, and on-device hash tables, along with other op-
timizations, to substantially accelerate large sparse tensor
processing. (Section

o We evaluate STTID on tensors of varying sizes and sparsity.
(1) Compared with four state-of-the-art baselines, STTID
consistently yields the sparsest TT-cores with comparable
accuracy and efficiently processes large tensors that are
infeasible for the baselines. (2) The hybrid CPU-GPU im-

plementation, enhanced with optimization strategies, further
achieves substantial speedups on large real-world tensors
with over one million nonzeros, ranging from 77.9x to
169.9x on an NVIDIA A5000 and from 194.3x to 550.3 x
on an NVIDIA H100. (Section [VII)

II. RELATED WORK

TT Algorithms. Beyond the foundational TT-SVD [69] and
TT-cross [/0] methods, several recent approaches have in-
troduced further advances [2 36, [51, 166, [80], introducing
techniques such as randomization or tall-skinny QR decom-
position. For high performance, several parallel TT algorithms
for dense tensors have been proposed [13} [17} 180, 186], includ-
ing initial efforts on GPUs [40, 56]. Most existing works on
decomposition of sparse tensors focus on parallel CP or Tucker
decompositions [41} 146 76} 91}, 92], as well as on sparse tensor
operations such as tensor contractions [7, 35, |55} 71 95] and
tensor-matrix products [6} 32,1421 149,|54] 163,93} 94]. However,
scalable TT decomposition for sparse tensors has not been
studied, which motivates our work.

Sparse Decomposed Factors. A few studies have focused
on introducing sparsity into factors of matrix and tensor
decompositions. In matrix algebra, QR decomposition has
been explored to replace SVD for sparse factorization [[103].
Swaminathan et al. [98]] proposed a sparse low-rank approx-
imation method, while Yuan and Yang [104] introduced an
alternating direction method to achieve sparsity. In the tensor
domain, Shah et al. [85]] investigated sparse CP decomposition,
whereas other works have focused on extracting sparse factors
from Tucker decomposition [} [82]. However, the preservation
of sparsity in the output TT remains unexplored.
Interpolative Decomposition. Interpolative decomposi-
tion [S3], a structure-preserving matrix factorization, has
attracted attention in sparse tensor studies such as Tucker
and CP decompositions [82, [105]. It is typically achieved
by rank-revealing methods such as rank-revealing LU/QR
factorizations or nuclear score techniques [23, 131} 34, [38].
In the TT domain, although interpolation has been employed
in TT-cross, its application to sparse TT scenarios remains
uninvestigated and introduces distinct challenges.

III. BACKGROUND

This section reviews sparse tensors, the tensor-train decom-
position, and the interpolation-based TT algorithm.

A. Sparse Tensors

Tensors generalize vectors and matrices to represent rela-
tionships among more than two dimensions [24} [77, |88]]. The
number of dimensions of a tensor is called its order, with
each dimension termed a mode [43]]. For example, a 4th_order
tensor T~ € Rt Xn2Xn3Xn4 hag four modes with sizes ny, no,
ns, ng and total size nynsngng. To apply matrix methods, a
tensor can be reshaped into a matrix by changing modes while
preserving the linear index order of the elements in memory.

Like sparse matrices, sparse tensors are multi-dimensional
arrays that contain mostly zero values. Sparse tensors are
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widely used in various domains where data is naturally high-
dimensional and sparse, ranging from computer science fields
such as recommendation systems [87], data analytics [21]
and completion [96] to the natural sciences, such as quantum
chemistry and quantum physics [22} 33| [89]. Sparsity enables
compressed representations of sparse matrices and tensors,
such as the coordinate (COO) format [50, [81]], which explicitly
stores all nonzero entries along with their coordinate in-
dices. Other formats, including compressed sparse row/column
(CSR/CSC) and compressed sparse fiber (CSF), further reduce
memory consumption by compressing repeated indices into
pointers [81} (93]

B. Tensor-Train Decomposition

One major obstacle in processing tensors is the exponential
growth of multi-dimensional data space, known as the curse of
dimensionality [[10, [11], which often makes the direct process-
ing of an entire tensor expensive. To overcome this curse, one
powerful technique is the Tensor-Train (TT) decomposition,
also known as Matrix Product States (MPS) [99].

TT decomposition represents high-order tensors in a com-
pressed form as a series of low-order tensors. Oseledets [69]
introduces the mathematical formulation for decomposing a
d*"-order tensor T € R™ *"2%X"a into a TT form as

,,,,,

J0s--1dd

where Gy, € R™-1*"X"s for k = 1,2,...,d are the third-
order tensor-train cores (TT-cores), with boundary cores G,
and G4 reducing to matrices with ro=r;=1. The dimensions
of the interconnecting indices between the cores, 7 for
k=1,...,d—1, are called TT-ranks. With suitable TT-ranks,
the contraction of TT-cores (TT-approximation) can closely
approximate or exactly reproduce the tensor 7T .

In practice, the TT decomposition is primarily used to
approximate tensors in a more compressed form by truncating
the TT-ranks using a low-rank and error-bounded approxima-
tion, such as Tensor-Train Singular Value Decomposition (TT-
SVD) [69]. TT-SVD sequentially extracts TT-cores together
with their corresponding TT-ranks by iteratively applying the
singular value decomposition (SVD) to matricized tensors
along the tensor modes. Although TT-SVD yields an optimal
Frobenius-norm TT approximation via SVD, it suffers from
high computational and memory costs and fails to preserve
input properties such as sparsity in the orthogonal cores.

C. TT Algorithm via Cross Interpolation

An alternative to SVD for deriving a TT is to use cross
decomposition [9, 28], which factorizes a matrix into factors
constructed from its own entries. The cross decomposition of a
matrix M € R™*" approximates M as M ~ CX'R, where:

e C=M(;,J)and R = M(Z,:) consist of the columns J C
{1,...,n} and rows Z C {1,...,m} of M, respectively,
termed the column/row skeleton.

e X = M(Z,J) is the intersection of C and R, referred
to as the cross matrix. If X is square and nonsingular, its
pseudo-inverse X! coincides with the inverse X 1.

If M is sparse, C, R, and X naturally preserve the sparsity
of M. The quality of the cross approximation for a given rank
r depends on how r selected rows and columns span the matrix
range. These rows and columns are typically determined by
rank-revealing methods [100]. Such a cross approximation
can be related to a one-sided form by absorbing X' into
either skeleton, yielding an interpolative decomposition (ID)
M ~ CZ or M =~ XR, where X and Z are interpolation
matrices that express the non-selected rows/columns as linear
combinations of the skeletons [53 [58]].

TT-cross [66} [70], which incorporates the cross interpolation
described above into the TT decomposition, produces a TT in
the tensor cross interpolation (TCI) form of Equation (2 [65]
66, B4]. In Equation (2), Z,, and Jp (k = 1,...,d — 1)
denote the global tensor indices. The entries T (Zy_1, ug, Ji)
and T (Zy, Jr) are used to construct the TT-core G and
the intersection matrix Xy, respectively. Compared with the
TT form in Equation (E]), the TCI form introduces additional
matrix inverses between TT-cores. However, these inverses
need not be computed or stored explicitly, as Xj is the
subset of Gy, (see details in Section and Section [VII-E).
Therefore, in the TCI form, the tensor train can be stored using
only the skeleton indices Zy, Jj and the corresponding entries
of the input tensor.

TT-cross appears promising for preserving sparsity in TT-
cores. Since its introduction [70], TT-cross has evolved into
various implementations, such as [66]. However, these meth-
ods are not well-suited for sparse tensors. They employ a back-
and-forth sweep optimized for tensor-like functions common
in PDEs or optimization problems [18, |97]], which are only
partially known and cannot be fully evaluated. Each sweep
updates the skeleton indices derived from the cross decom-
position of matricized tensor slices. For sparse tensors, the
evaluated slices, as a small portion of the tensor, could have too
few or no nonzero entries, providing little useful information
for skeleton updates. This issue can prevent convergence and
even lead to unstable behavior, as shown in Section

IV. SPARSE TENSOR-TRAIN INTERPOLATIVE
DECOMPOSITION

This section presents a tensor-train interpolative decompo-
sition algorithm that processes sparse tensors and produces
sparse TT-cores, together with its implementation in the coor-
dinate format, STTID.



A. TT-ID Algorithm

Motivated by the need to preserve sparsity in TT de-
composition and to overcome the limitations of existing TT
algorithms for processing fully-observed sparse tensors, we
introduce a new method, Tensor-Train Interpolative Decom-
position (TT-ID), adapted from the aforementioned cross
interpolation-based TT algorithm. Figure (1| uses the tensor
diagram notation [74] to illustrate an overview of our TT-ID
when decomposing a four-dimensional tensor T~ € R™1 %% "d
(d=4) in a sweep from mode 1 to d—1. The core idea is to
perform cross decomposition on matricized tensors along each
mode within a single sweep, extracting TT-cores that inherit
the sparsity of the input tensor.

TT-Core Cross matrix
Input tensor Gk —é— ). ¢% —D—

TT-iter 1 TT-iter 2 TT-iter 3

Reshape & I
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Re51dual tensor
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Fig. 1: Iterative computation of TT-cores in TT-ID.
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At the k-th TT-ID iteration (77-iter), the following three
main operations are performed:
(1) Reshape 7T into a matrix M in shape (ngrg_1, ﬁ)
(Line 4 in Algorithm , where N is 7T ’s total size (calculated
in Line 1), ny, is the size of mode k, and 7 _; denotes the (k—
1)-th TT-rank determined in the previous iteration (boundary
ranks g = rqg = 1).
(2) Compute the rank-r cross decomposition of M (“PRRLU”
in Figure 1)) to obtain the column/row skeleton C € R"*"%—1X"
and R € R™*N/(n:7k-1)  and the cross matrix X € R™%"
(squares in Figure [I) (Lines 5-8 in Algorithm [I]).
(3) Set the k-th TT-rank to r (Line 9), reshape C into a 3D
TT-core Gy, (Line 10, green circles in Figure [T), and take the
row skeleton R as the residual tensor (red ellipses in Figure 1)
for the next iteration (Line 12). The last R obtained in the final
TT-iter is reshaped into the terminal TT-core G4 (Line 14).

Skeleton selection is performed using a partial rank-
revealing LU (PRRLU) decomposition [26, 138, [66], which
employs Gaussian elimination with complete pivoting to de-
termine the matrix rank and identify the row and column
pivots serving as the skeleton indices. Since rank-revealing LU
admits existence bounds comparable to those of RRQR [72]],
and its stability for ID has been demonstrated in practical
applications such as Feynman diagram and quantum simula-
tions [[65} 183]], the choice of PRRLU in TT-ID over alternative
methods is motivated by two computational advantages: (1)

PRRLU provides both row and column pivots in a single
run, whereas RRQR identifies only column skeletons in one
pass and requires an additional, more expensive run on the
transpose to obtain row pivots. (2) RRQR introduces additional
memory overhead due to dense orthogonal factors, while LU-
based methods require less memory due to in-place storage.
PRRLU returns a rank-r approximation of M € R™*™ ag
PMQ” ~LU, where P and Q are permutation matrices rep-
resenting row and column pivoting, L€ R™*" and UeR"™"
are lower and upper trapezoidal matrices. In rank-r PRRLU,
the product of L and U obtained from the first » Gaussian
eliminations exactly reproduces the first » rows and columns

of PMQT. Therefore, we can derive:

PMQT~ LU(,1:r) UG, 1:7) 'L(1:r,:)"t L(l:r U, (3)
— —

=PMQT (:,1:r)

=(PMQT (1:r,1:7))~1 =PMQT (1:r,:)

Since P and Q are orthogonal, with inverses equal to their
transposes, Equation (3)) further simplifies to

M~PTPMQT(:;,1:7) (PMQT (1:r,1:7)) "' PMQQT (1:7,:). (4)

C=M(;,J) X-1=M(Z,7)~1 R=M(Z,:)

Equation (@) shows that the PRRLU recovery is equivalently
expressed in a double-sided interpolative format, yielding a
rank-r cross decomposition of M. From PRRLU, we extract
just the revealed rank 7 and the permutation arrays (the vector
forms of P and Q).

Algorithm 1 Tensor-Train Interpolative Decomposition

Input: Tensor 7 € R™*™2XX"d maximum allowable TT-rank
Tmax > 1, rank truncation tolerance ¢ > 0.
Output: TT cores Gi,...,Gy, with intermediate cross matrices
X1, Xg1.
I: N+ HZ:l K
2: ro,rg < 1
3: fork=1tod—1do

> Boundary TT-ranks

4: M < reshape(T, [niTk—1, ﬁ])

5. r,perm_r,perm_c < PRRLU(M, rmax, €)

6: Iy + perm_r(1:r), Jp < perm_c(1:7)

7. C+ M, Jx), R+ M(Zg,:) © Row/Col skeleton
8: Xy M(Zy, Ti) > Cross matrix
9 rp & > k-th TT-rank

10: G < reshape(C, [rr—1, Nk, Tk]) > k-th TT-core

11: N «— _Nry
NETk—1
122 T+ R
13: end for
14: G4 + reshape(R,[ra—1,n4,74])
15: return G1,X1,Go,...,X4-1,G4

TT-ID returns an interpolation form of TT as Equation (2)
with left-nested 66l 84] skeleton indices. In practice, the
cross X need not be stored, since (1) it is a subset of Gy
obtainable via selecting Z rows in G, and (2) G kx,;l can
be evaluated efficiently without an explicit inverse, as shown in
Section Despite forfeiting the orthogonality preserved
by TT-SVD, TT-ID ensures a controllable approximation error
with left-nested interpolation [78} [84], which diminishes with
the growth of the maximum allowable TT-rank (7ryax). By
sequentially decomposing the entire tensor, TT-ID avoids the



risk of failing to identify optimal interpolation skeletons on
sparse tensors in traditional TT-cross methods discussed in
Section [[II-C and verified in Section [VII-Bl

B. STTID Algorithm

Although our TT-ID preserves the sparsity of the input
throughout the decomposition and ultimately generates sparse
TT-cores, Algorithm [1] still outlines a dense implementation,
operating on inputs storing all zero entries, like existing TT
algorithms. To enable TT-ID to fully leverage sparsity for
practical decomposition of large sparse tensors, we develop
a sparse TT-ID algorithm, termed STTID, which directly
operates on tensors in the COO format. The COO format
provides structural flexibility essential for our algorithm, in-
cluding efficient reshaping, dimension-agnostic pivoting, and
incremental construction (as elaborated below), that cannot
be achieved with CSR/CSC or CSF formats, even though they
typically obtain higher compression ratios.

STTID applies the procedure of Algorithm [I] to a COO-
format tensor. For a sparse tensor of order d with nnz nonzero
elements, the COO format stores the nonzero values in a
length-nnz array and their corresponding position indices in
d separate coordinate arrays. During reshaping steps such
as T — M (line 4 in Algorithm E]), matrices are stored
in three arrays of length nnz, namely row, col, and val,
representing row indices, column indices, and nonzero values,
respectively. The shape of M is (nkrk_l,ﬁ), which
implies that splitting and/or merging of dimensions may occur.
When tensors are stored in the COO format, such reshaping
can be efficiently performed by iterating over the coordinates
and directly computing the new indices. In contrast, with
CSC/CSR or CSF formats, reshaping requires recomputing
pointer structures, which introduces additional overhead of
nontrivial magnitude.

Beyond reshaping, the central component of STTID is the

sparse partial rank-revealing LU (sparse PRRLU), as detailed
in Algorithm 2] The s-th sparse PRRLU iteration can be
divided into three phases:
Phase 1: Find the Pivot Entry. PRRLU employs a complete
pivoting by permuting linearly independent columns and rows
to leading positions. The s-th PRRLU iteration selects the
maximum absolute value in the submatrix M(s:m, s:n) and
records its position (u, A) as the row and column pivots (Lines
4.,5). In an unordered COO M, this pivot can be located
through an O(M.nnz) traversal over all nonzero entries.

The “partial” aspect of PRRLU refers to terminating
the iteration at rank r once either of the following cri-
teria is met: (1) The pivot at step r + 1 is smaller than
a prescribed tolerance e (roundoff makes exact zeros un-
likely) [26]; or (2) the rank reaches the upper bound
min{7m,ax (specified maximum rank), m,n} (Lines 7-9).
Phase 2: Row and Column Pivoting. The row-y and column-
A entries are swapped with row-s and column-s by updating
the indices in M.row and M.col accordingly (Lines 13-14).
Such swaps are recorded by exchanging the s-th index with the
pivot index in the permutation arrays perm_r and perm_c.

In such two-dimensional pivoting, the COO format offers a
clear advantage: a single traversal of all nonzeros suffices to
complete the pivoting with complexity O(M.nnz). In contrast,
the direction-oriented layout and indirect pointer structures of
CSC/CSR formats make dimension-agnostic pivoting (across
both row and column directions) nontrivial, raising its com-
plexity to O(M.nnz?).

Algorithm 2 Sparse Partial Rank-Revealing LU Decomposi-
tion (Sparse PRRLU).

Input: M € R™*" in COO format, maximum rank 7max > 0, rank
truncation tolerance € > 0.
Output: Revealed rank r, pivot vectors perm_r and perm_c.
I: 7+ 0, perm_r < [1,...,m], perm_c + [1,...,n]
2: for s=1to N do
3: /* Phase 1: Find the pivot indices «*/
4:  Find nonzero p, s.t. [M.wal(p)] = max{|M.val()|
M.row(i) € [s,m], M.col(3) € [s,n]}

5 (4, A, piv_val) < (M.row(p), M.col(p), M.val(p))
6 /+ Iteration termination x/

7 if [piv_val| < € or 7 = min{7max, m,n} then

8: break

9: end if

10: /* Phase 2: Row/Column pivoting =/

11:  perm_r(s) <> perm_r(u), perm_c(s) <> perm_r(\)
12: for i =1 to M.nnz do

13: M.row(i) « p or s if M.row(i) = s or y
14: M.col(i) < A or s if M.col(i) = s or A

15:  end for

16: /« Phase 3: Gaussian elimination =/

17:  Sparse vectors u < M(s+ 1:m,s), v + M(s,s+ 1:n)
18:  for ¢ =1 to u.nnz do

19: for j =1 to v.nnz do

20: outer_prod < —u.data(i) x v.data(j)/piv_val

21: M.addupdate(w.idx (i), v.idz (), outer_prod)

22: end for

23:  end for

24: r<nr—+1 > Rank increment
25: end for

26: return 7, perm_r, perm_c

Phase 3: Gaussian Elimination. Following the pivoting,
Gaussian elimination is performed using the outer-product
formulation (right-looking strategy in the classical LU de-
composition [25]). We adopt the outer-product formulation
for several reasons: (1) Complete pivoting is necessary to
accurately reveal the rank and skeleton indices; (2) the L
factor in PRRLU lacks an exploitable sparsity pattern, making
the left-looking method [19] unsuitable; and (3) pivoting
strategies (e.g., partial [16], static [30]) and optimizations
such as supernodal [[16] or multifrontal [[15] methods, though
effective in general sparse LU solvers, such as SuperLU,
UMFPACK, and MUMPS [3| [15] 152]], would compromise the
numerical stability and rank-revealing property, thereby failing
to produce valid skeletons for ID. Nevertheless, the fill-ins do
not affect the sparsity of the ID output, as the TT-cores and
residual tensors are formed from the skeleton of the input
tensor (Lines 7-8 in Algorithm [T).

Two sparse vectors, u and v, used to form the outer
product, are extracted from M simultaneously in a single



traversal (Line 17). Each outer-product update is then applied
to M(s+1:m, s+1:n) using the addUpdate function (Lines
20,21). If the target location (w.idx(7),v.idx(j)) already con-
tains a nonzero entry, addUpdate accumulates the contribu-
tion; otherwise, the value is inserted as a new nonzero element
with the corresponding indices. Since this process involves
repeated traversals, searches, insertions, and updates in M,
Phase 3 becomes the most computationally expensive step
in a PRRLU iteration, with complexity O(u.nnz X v.nnz X

Although COO’s coordinate-list structure supports incre-
mental insertion, a feature absent in the static CSR/CSC, the
Gaussian elimination phase poses significant computational
challenges due to its intensive search overhead. Moreover,
the fill-ins introduced by PRRLU can further increase the
overhead of subsequent iterations. To address these challenges
and improve the scalability of sparse PRRLU operations,
we introduce two algorithmic optimizations together with
a parallel STTID implementation on GPUs, as detailed in
Sections [V] and [V1l

V. HIGH-PERFORMANCE OPTIMIZATIONS FOR PRRLU

This section presents a high-performance implementation of
the sparse PRRLU, the primary computational bottleneck in
STTID. Figure [2illustrates the three-phase workflow of a sin-
gle sparse PRRLU iteration, incorporating two optimizations:
@ sclective data separation and @ hash table-based pivoted
Gaussian elimination.
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Fig. 2: Example of a sparse PRRLU iteration equipped with
data separation and hash table indexing.
A. Selective Data Separation Strategy

All three phases in Algorithm 2] traverse every nonzero entry
of M due to the unordered COO representation that appears

from the incremental construction in Phase 3 from prior
iteration. However, in any s-th iteration, the rank-revealing
procedure only involves the submatrix M(s:m,,s:n). To
mitigate redundant traversal, we introduce a selective data
separation strategy (@ in Figure that avoids global scanning
and reduces iteration complexity.

In each PRRLU iteration, the separation strategy extracts
the submatrix as Ms from M. This partitioning is performed
concurrently with the pivoting in Phase 2 (red box labeled “@
Separation” in Figure: The matrix Ms(®) = M(s:m, s:n),
derived from the previous (s—1)-th iteration, is classified into
two categories during pivoting: (1) nonzeros in M(s+1:m, s)
and M(s, s+1:n), which are extracted as two sparse vectors
u and v in one-dimensional COO format; (2) elements in
M(s+1:m, s+1:n), stored as Mt, which require Gaussian
elimination updates. With this categorization, the addUpdate
function now only operates on the submatrix Mt rather than
on the entire M. The updated Mt then becomes Ms(*TY
for the next iteration. Consequently, the search and update
operations of Phases 1, 2, and 3 are confined to Ms®) in the
s-th iteration. The complexity of Phases 1 and 2 decreases
from O(M.nnz) to O(Ms.nnz). And the overall complexity,
which is dominated by Phase 3, is reduced from O(u.nnz x
v.nnz x Mnnz) to O(u.nnz X v.nnz x Mt.nnz).

B. Hash Table—based Pivoted Gaussian Elimination

Even with the data separation strategy, Gaussian elimination
in Phase 3 still dominates the overhead of sparse PRRLU
because of its extensive searches and updates. Moreover, the
permutation vectors perm_r and perm_c, which store row
and column pivots (initialized in Line 1 and updated in Line 11
of Algorithm [2), have sizes m and n that correspond to the
reshaped matrix M. These vectors can become extremely
large after tensor reshaping. For example, reshaping a 5t"-
order tensor with mode size 500 in the first TT-iter yields
a matrix with n=500* columns, requiring 465 Gigabytes for
the dense int64 perm_c recording all column positions. To
further mitigate these computational and storage challenges,
we employ a hash table-based pivoted Gaussian elimination.

Hash tables are data structures offering efficient key-value
storage with expected O(1) complexity for lookup, insertion,
and deletion [60]. A hash function maps input keys to slots
in the table. Collisions, where multiple keys map to the same
slot, are resolved by techniques such as chaining or probing.
Gaussian Elimination. In Phase 3, each (i,j) pair from
vectors « and v requires a search on the separated matrix Mt
to locate the position of the outer-product value, outer_prod.
If the position exists, the entry Mt (u.idx (i), v.idz(jf)) is
updated; otherwise, a new entry with value outer_prod is
inserted. We construct a hash table Mty (@ in Phase 3 in
Figure [2) from Mt, which stores nonzeros as key-value pairs
with keys formed by linearizing row and column indices.

The hash table Mty enables fast entry lookup for updates,
reducing the complexity of Phase 3 to O(u.nnz x v.nnz).
However, when an entry is new, inserting it into the hash
table incurs additional overhead, and the inserted key-value



pairs still require conversion to COO format when constructing
Ms®*tY for the next iteration. To avoid this cost, we bypass
inserting new outer products into Mt and instead write them
directly to MsC®*D in COO format. After completing the
Gaussian elimination, the values in Mty are also appended
to Ms®*Y o preserve the values.

Permutation Vectors. To address the storage challenge men-
tioned earlier, we leverage hash tables to record row and
column permutations (@ in Phase 2 of Figure [2). This
approach exploits the fact that some rows and columns remain
in their original positions throughout the PRRLU process, so
their permutations do not need to be explicitly stored. Taking
column pivoting as an example, we initialize an empty hash
map perm_cy. In the s-th PRRLU iteration, when a new
pivot index A is found, we check for the key-value pairs
(s,\) and (A, s) in perm_cy. If the keys are absent, they
are inserted; otherwise, their values are updated to reflect the
swap. Row permutations are recorded similarly to construct
perm_ry.

After PRRLU, the first » row/column indices after pivoting
(as the skeleton in Line 6 of Algorithm [I)) are retrieved by
querying keys 1 to r in the hash table, where an absent key
indicates an unpermuted index. This overhead is minimal, as
r is relatively small and the lookup occurs only once per TT
iteration (d — 1 times). This hash table-based pivot recording
adds at most two key-value pairs per vector in each iteration.
Using the earlier example for M in shape (500,500%), the
final perm_cy; contains at most 5002 key-value pairs when
PRRLU terminates (up to 500 iterations, as m = 500), instead
of a dense array of size n = 500%.

VI. HyBrID CPU-GPU STTID

As the sparse PRRLU step remains the dominant computa-
tional bottleneck in STTID even after optimization, we intro-
duce a hybrid CPU-GPU implementation to further accelerate
this step on NVIDIA GPU.

A. Data Placement

We develop a hybrid CPU-GPU STTID by offloading and
parallelizing the sparse PRRLU on NVIDIA GPUs using
CUDA [62]. In such hybrid systems, allocation memory
must be carefully managed for all participating data objects.
To minimize the GPU memory burden, we restrict GPU-
resident data to the PRRLU-processed submatrix Ms, along
with the intermediate hash table. The remaining objects, such
as the original tensor, output permutation vectors, and TT-
cores, are managed in CPU memory. M (the Ms of the
1%t PRRLU iteration) is transferred from CPU to GPU and
processed by the parallel sparse PRRLU at each TT iteration.
PRRLU outputs the new pivot indices (u, \) to perm_ry
and perm_cy on the host via asynchronous data transfers,
as detailed in Section With the permutation vectors on
the host, STTID assembles the outputs G and Xy, together
with the residual tensor for the next TT iteration.

B. CPU-GPU Asynchronous Pivoting

With data separation, pivot entry identification (Phase 1) is
efficiently performed using the cublasIdamax_64 routine
from the cuBLAS library [67] to find the entry of Ms with
the maximum absolute value. The located position (p, A) is
used for row and column pivoting on the device. At the same
time, it is copied to the host to update the permutation vectors,
enabling an asynchronous pivoting process.

On the GPU, data parallelism is employed by assigning each
CUDA thread to independently pivot a single nonzero entry.
Each thread independently executes coordinate permutation on
the COO row and column arrays, along with data separation.
Meanwhile, perm_ry and perm_cy are updated on the
CPU following the procedure described in Section This
update is performed on the host because (i) the operations
are lightweight and inherently serial, involving only a few
conditional if-else statements on hash tables, which makes
them inefficient on the GPU, and (ii) the permutation vectors
are required on the host for output as skeleton indices.

C. On-Device Hash Table

In Phase 3, we implement parallel operations on the
hash table constructed using NVIDIA’s cuCollections li-
brary [12], which provides on-device hash tables sup-
porting high-throughput concurrent operations. We employ
the highest-performing implementation in cuCollections{]_l
cuco: :static_map, to construct the hash table Mty
on the device. Mty is a fixed-capacity hash table using
linear probing, with its capacity initialized to the number of
nonzeros in Mt. The implementation maintains identical key-
value pair representations to its CPU counterpart described in
Section [V=BIl

The Mty implemented using cuCollections demonstrates
limitations not only due to the entry insertion overhead dis-
cussed in Section [V-B] but because of a concurrency issue:
The current on-device operations in cuco: :static_map
do not support updating an existing key-value pair while si-
multaneously inserting a new one, causing atomicity violations
under concurrent access. To address this, threads invoke the
fetch_add method of cuco::find (on-device lookup reference)
in our device CUDA kernel solely to update existing key-value
pairs, while new pairs are directly decoded into coordinate
entries and appended to Ms. This approach eliminates both the
atomicity problem and the overhead associated with inserting
and extracting pairs in Mt .

D. Kernel Fusion and Shared Memory Optimization.

To further optimize performance, we employ kernel fusion
to combine Phases 2 and 3. The fused kernel avoids materi-
alizing the intermediate tensor Mt by having threads directly
insert the entries into Mt after pivoting and separating data
objects, thereby reducing memory footprints. The computation
of outer_prod is fully independent across CUDA threads,

'multi_map and dynamic_map incur higher overhead and remain under
active development (e.g., dynamic_map currently only supports host-bulk
APIs) in cuCollection (commit e3aec27).
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SVD, TT-SVD-lasso, TT-cross-qr, TT-cross-lu, and STTID on six tensors Rnd1-Rnd6. Missing data points for some algorithms
indicate that they failed to complete for various reasons (see Section [VII-B| for details).

where one-dimensional thread blocks are assigned, and each
thread maps to a pair of elements in v and v using its global
thread index via quotient and remainder operations. Updates
to the hash table Mty are protected using cuda::atomic_ref,
while insertions into the COO-formatted Ms*™") are not. We
employ atomic operations to ensure safe concurrent append
operations to Ms®*t1) | These data structures — u, v, Mtg,
and Ms®tY — reside in global memory due to their large
sizes and limited data reuse. However, atomic operations on
global memory are expensive. To mitigate this overhead, we
leverage shared memory to localize atomic operations and
subsequently update global memory after synchronization,
thereby improving the efficiency of insertions.

VII. EVALUATION
A. Experiment Setup

Experiment Platforms. All CPU-based experiments are con-
ducted on a Linux server (Ubuntu 22.04), equipped with an
AMD Ryzen Threadripper PRO 3975WX processor (32 cores)
and 503 GB of memory. GPU experiments are conducted on
two different NVIDIA GPUs: NVIDIA RTX A5000 (Ampere
architecture, 8,192 CUDA cores, 24 GB GDDR6 memory,
768 GB/s memory bandwidth, 27.8 TFLOPS (FP32) peak per-
formance); NVIDIA H100 NVL (Hopper architecture, 16,896
CUDA cores, 94 GB HBM2e memory, 3.9 TB/s bandwidth,
60 TFLOPS (FP32) peak performance).

Software Environments. Our program uses double-precision
floating-point values and is compiled with g++ 9.4.0 and
NVCC 12.0. On the CPU, the hash table is implemented using
the C++ STL unordered_map [61]], with std: :hash as
the hash function and separate chaining for collision resolu-
tion. On the GPU, we use 512 CUDA threads per block, and
the on-device hash table is implemented via static_map in
cuCollections (commit e3aec27) with linear probing to resolve
collisions.

Experimental Data. We evaluate our algorithm on random
and real-world tensors, whose characteristics (e.g., modes,
density) are summarized in Table [l Random tensors: Rnd1—
Rnd6 are generated from a power-law distribution [43] 47],
reflecting the heavy-tailed phenomena commonly observed

Tensor Modes NNZs Density
Rnd1 (10, 10,10, 10) 91 9.10 x 10~ 3
Rnd2 (10, 10, 10, 10, 10) 428 4.28 x 1073
Rnd3 (50, 50, 50, 50) 576 9.22 x 10~°
Rnd4 (50, 50, 50, 50) 893 1.42 x 10~4
Rnd5 (100, 100, 100, 100) 12,729 1.27 x 10~4
Rnd6 (50, 50, 50, 50, 50) 27,843 8.91 x 10~°
Wiki3 (66, 12270, 12270, 12270) 25,820 2.1x10°10
Wiki4 (50, 9528, 9528, 9528, 9528) 15,188 3.7x10"14
JF17K3 (104,11541, 11541, 11541) 34,544 2.2x10-10
JF17K4 (23, 6536, 6536, 6536, 6536) 9,509 2.3 x 10713
Uber (183,24,1140,1717) 3,309,490 3.9x10~%
NIPS (2482, 2862, 14036, 17) 3,101,609 1.8x10~6
CC-comm (6186, 24,77, 32) 5,330,673  1.5x1072
CC-geo (6185, 24, 380, 395, 32) 6,327,013  8.9x10-6

TABLE I: Evaluation datasets: random tensors (top panel) and
real-world tensors from knowledge graphs (middle panel) and
FROSTT tensor collection (bottom panel).

in graph and social network data. Real-world tensors: We
additionally test tensors collected from real applications.
WikiPeople-3, WikiPeople-4, JF17K-3, and JF17K-4 are widely
used knowledge graphs that represent m-ary relations (n =
3,4) among entities [57]. We evaluate four 4‘"- and 5'"-
order tensors from the FROSTT dataset [90]] to benchmark the
performance of our method: Uber pickup data (Uber, “latitude-
longitude-date-hour™), NIPS publication data (NIPS, “paper-
author-word-year”), and two Chicago crime datasets (CC-
comm and CC-geo, ‘“day-hour-community-crimetype” and
“day-hour-latitude-longitude-crimetype”).

B. Quality Comparison

Figure [3] demonstrates the superior capability of STTID in
stably decomposing diverse sparse tensors (Rnd1-Rnd6) while
preserving TT sparsity and maintaining error convergence as
maximum TT-ranks increase, outperforming four state-of-the-
art baselines that are limited in handling sparse data. The
first two are SVD-based methods: TT-SVD and TT-SVD
with ¢'-regularized TT-cores (TT-SVD-lasso), implemented
by TensorLy’s functionality [44]; the other two are TT-cross

2While STTID can process relatively large tensors, tensors with an ex-
cessive number of nonzeros, such as Flickr (112,890,310 nonzeros) from
FROSTT, can exceed GPU memory capacity during runtime.
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methods: the baseline version T7-cross-gr [[18l [70] (available
in TensorLy) and the variant TT-cross-Iu [66] implemented in
Python. Two metrics are used in Figure [3|to assess the quality
of TT decomposition of sparse tensors: (1) reconstruction error
and (2) average core density.

« Reconstruction error: We evaluate TT accuracy by the
reconstruction error, defined as the relative Frobenius-norm
difference E, = |7 — T||r/| T, which quantifies how
closely the TT-approximation T reproduces the original 7T .

o Average core density: The fraction of nonzeros in the TT-
cores, computed as total nonzeros divided by the sum of
core sizes, measuring the sparsity of a TT decomposition.

TT-SVD Methods. Due to SVD’s closest low-rank approxi-
mation [20], TT-SVD can achieve the minimal reconstruction
error, but its orthogonal TT-cores are typically dense. By
tuning the ¢! regularization to introduce zeros in these TT-
cores without obviously degrading reconstruction accuracy,
TT-SVD-lasso achieves up to two orders of magnitude higher
sparsity on tensors Rnd3 and Rnd4. Such highly sparse inputs
with abundance of near-zero entries result in many negligible
values in TT-cores to be zeroed by regularization. Neverthe-
less, this method has two drawbacks: (i) It is not robust and
is highly input-dependent (failing to introduce much sparsity
in the TT-cores of Rnd1 and Rnd2). Moreover, altering TT-
cores destroys the orthogonality guaranteed by TT-SVD and
may amplify undesired approximation errors, requiring careful
selection of the regularization strength. (ii) Being built on TT-
SVD, it does not support sparse computation on compressed
storage, leading to scalability issues like out-of-memory for
larger tensors Rnd5 and Rnd6.

TT-cross Methods. Limited by the partial-evaluation scheme
described in Section both TT-cross implementations
struggle to decompose sparse tensors. They succeed only on
small cases, Rnd1 and Rnd2, producing sparse TT-cores but
with the highest errors. For larger tensors, the truncated green
line in Figure (3| indicate frequent runtime failures, arising ei-
ther from singular matrix inversion (TT-cross-qr) or from non-
convergence caused by repeated iterations without updating
new interpolation skeletons (TT-cross-lu). Thus, while both
methods can preserve sparsity in TT-cores when successful,
they remain unstable on sparse tensors and scale poorly.
STTID. Compared with baselines achieving similar recon-
struction error at the same maximum TT-ranks, STTID
achieves the sparsest TT-cores across different tensors. Be-

cause TT-cores are small in size, their average density is
typically higher than that of the input tensor, although they
remain highly sparse across all tested tensors. While limited
by the approximation capability of ID, STTID sacrifices a
small amount of accuracy compared with SVD-based methods,
yet it can still converge to the exact decomposition, revealing
uncompressed TT-ranks of tensors (e.g., Rnd1: rp.x = 60,
E, = 1.7x10716; Rnd2: rmax = 100, E, = 2.4x10716),
The small accuracy trade-off yields not only significantly
sparser TT-cores but also improved computational efficiency.
As tensor size increases (Rnd5 and Rnd6), STTID becomes
the only practical method of decomposing the tensors, as all
other baselines fail for various reasons.

C. Performance Evaluation

Figure ] compares the runtimes of the three implementa-
tions, showing STTID’s superior scalability on highly sparse
tensors and the significant speedup of the GPU implementation
over the CPU version on large datasets. The three implemen-
tations are: (1) the dense TT-ID, (2) STTID on CPU with the
optimizations from Section E, and (3) its GPU-accelerated
counterpart described in Section |VI| on two different GPUs.

The evaluation is conducted on the two largest random

tensors (Rnd5 and Rnd6) and eight real-world tensors. For
Rnd5 and Rnd6, we set 7,2 = 5000 and 7.« = 1500 for all
implementations, respectively, matching the last maximum TT-
ranks in Figure [3| For the four knowledge-graph tensors, exact
decomposition is performed with no rank truncation. For the
four FROSTT tensors, their high nonzero counts make CPU
execution less efficient, so we limit r,,x = 500 to keep CPU
experiments tractable.
Dense TT-ID vs. STTID. Without compressed storage, dense
TT-ID can barely handle large tensors. For instance, in-
place operations on the double-precision array of Wiki3 would
require nearly one million gigabytes of memory. Therefore,
dense TT-ID is limited to small-mode tensors such as Rnd>5,
Rnd6, and CC-comm. The CC-common test, with relatively
small mode sizes but an enormous number of nonzeros,
marks the boundary of STTID’s effectiveness: its high density
diminishes the benefits of sparse computation. As a result,
STTID on CPU runs even slower than dense TT-ID. For
highly sparse data, STTID achieves substantial speedups over
dense TT-ID, running 607.7x and 630.4 x faster on Rnd5 and
Rnd6, respectively.



CPU vs. GPU STTID. For tensors with moderate nonzero
counts, such as the knowledge-graph tensors, STTID
can efficiently perform exact decomposition. The revealed
uncompressed TT-ranks (Wiki3: (66,7599,2949), Wiki4:
(50,3664, 3878,1630), JF17K3: (104, 24772, 3237), JF17K4:
(23,1498, 2126, 1124)) demonstrate strong compression capa-
bility of TT, as the rank dimensions are significantly smaller
than the original tensor dimensions in Table [l For the four
FROSTT tensors with large numbers of nonzeros, STTID on
CPU is less efficient. The hybrid CPU-GPU implementation
delivers significant performance gains as the problem size
grows. For these tensors with millions of nonzeros, STTID
achieves substantial speedups on GPU over CPU, ranging
from 77.9x to 169.9x on NVIDIA A5000 and 194.3x to
550.3x on NVIDIA H100. The efficiency of STTID GPU
enables the exact decomposition and the revelation of untrun-
cated TT-ranks of FROSTT tensors, such as NIPS (TT-rank:
2482, 2481, 17).
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Fig. 5: Runtime comparison of PRRLU at various optimization
stages on Wiki3 and JF17K3.

D. Optimization Analysis

Ablation Study. PRRLU accounts for the majority of the
runtime in STTID (over 95%, as shown in Figure E] in
dark/bottom stacked bars), highlighting the importance of
our optimizations and parallelization efforts focused on it.
Figure [5] outlines the runtime of different optimized versions
of PRRLU in STTID for the exact decomposition of Wiki3
and JF17K3, demonstrating the effectiveness of each opti-
mization. Our algorithmic optimizations generally yield higher
performance gains than low-level GPU optimizations. Data
separation reduces runtime by over 50% on the CPU compared
to the non-optimized STTID. Furthermore, via its significant
complexity reduction, the hash table method delivers speedups
of 9.4x and 50.0x over data separation for Wiki3 and JF17K3,
respectively. The most significant enhancement comes from
the GPU implementation, which provides speedups of 29.4x
and 70.1x over optimized CPU version. Finally, kernel fusion
with shared memory contributes an additional performance
improvement of approximately 10% .

Fill-in Analysis. Figure [ shows the trend of nonzeros to
be processed in PRRLU throughout the TT decomposition.
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Fig. 6: Nonzero count of Ms processed by PRRLU during the
entire TT decomposition on Wiki3 and JF17K3.

Despite the fill-ins introduced by the rank-revealing process,
the data separation strategy (Section [V-A)) effectively prevents
continuous problem-size growth during the iterations on highly
sparse tensors, as exemplified by Wiki3 and JF17K3. The num-
ber of nonzeros in Ms does not increase monotonically, as its
size gradually decreases during decomposition. However, the
behavior is highly data dependent; for JF17K3, a considerable
amount of fill-ins still occurs.

The heuristic rank-revealing process can increase the num-
ber of nonzeros processed and thus degrade performance.
These results highlight the need for sparse rank-revealing
methods that identify high-quality skeletons while minimiz-
ing fill-ins. Although prior work has recognized this is-
sue [29], practical libraries for sparse and parallel rank-
revealing methods tailored to interpolative decomposition re-
main unavailable—a gap that STTID begins to address. As
future work, we plan to incorporate additional structural op-
timizations, such as block-based strategies, to further reduce
fill-ins and improve the scalability of STTID.

E. Case Study: Downstream Computation

After TT decomposition, downstream computations are of-
ten needed on the TT-cores, such as single-core contraction,
or entire TT reconstruction for predicting missing values in
tensor completion tasks or quality measurement [S57, 96]. As
the reverse of decomposition, TT reconstruction is obtained
by inverting the expression in Equation (I) (or Equation (2)
for TCI form) as the entire contraction of TT. The TCI-
form TT introduces additional evaluation of G;X, ' during
reconstruction. However, as discussed, this can be computed
efficiently without explicitly storing or inverting X, [65} 166]:

Reshaping the core Gy (ik—1, ug, ji) = T (Zk—1, ug, Ji) to
a matrix G (ix—1 Xug, ji), the cross X (ix, jx) =T (Zk, T)
is the subset of Gy (Zp € Zp_1 X ug). So GkX,jl contains
an identity matrix at the rows forming Xj,. For the remaining
rows of Gy, denoted as G/, G%X;l can be computed using
the LU factors of Gy:

Gy, = (éZ) - (LL) U, GiXpl= (L,Efl). ®)



By solving the lower-triangular system L'L~!, one can com-
pute GkX,;l, which can then be reshaped back into a 3D
TT-core, recovering the TT in Equation (1).

Reconstruction time of TT (seconds)
Tensor Speedup
Dense TT Sparse TT (TCI form)
Rnd5 473s 39s 12.1x
Rnd6 160.9 s 54s 29.8 X

TABLE II: Reconstruction time for dense vs. sparse TT-cores.

Despite the above extra steps, STTID’s sparse TCI-form
TT-cores largely outperforms dense TT-cores in reconstruction,
as shown in Table Using the sparse TT of Rnd5 and
Rnd6é produced by STTID, we measure the CPU runtime
of (1) sparse reconstruction, i.e., solving gkX,:,l via the
Intel MKL Direct Sparse Solver and performing sparse tensor
contractions using Sparta [55]; and (2) dense reconstruction,
i.e., treating TT-cores (after gkx,gl) as dense arrays and
contracting them via the dense tensor library TBLIS [59].
Sparse TT reconstruction achieves speedups of 12.1x and
29.8x compared with dense computation.

VIII. CONCLUSION AND FUTURE WORK

Motivated by the challenge of sparsity preserving and com-
putational scalability in TT decomposition of sparse tensors,
we present STTID, a novel sparse tensor-train algorithm.
STTID demonstrates robust capability in processing sparse
tensors and generating sparse TT-cores. With a particular
focus on accelerating the sparse partial rank-revealing LU
decomposition through multiple optimizations and GPU par-
allelization, STTID enables efficient TT decomposition of
large-scale sparse tensors from real applications. Our work
lays the foundation for post-decomposition operations on
sparse tensors, including computations on sparse TT-cores
in downstream applications and enhanced interpretability of
sparse data.

The source code of STTID is publicly available at https://
github.com/tensorworld/STTID.git to facilitate reproducibility
and further research. As future work, we plan to further im-
prove STTID by developing strategies to reduce fill-ins during
sparse PRRLU. We hope this work will inspire sparsity-aware
designs for other tensor networks and low-rank approximation
algorithms, benefiting practical applications such as tensor
completion and tensorized neural networks.
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