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Outline

« Math review — complex roots of unity

 Introduction concept of Fourier transforms for continuous functions

* Applying Fourier transforms to digital computers

e Discrete Fourier Transform

 Mapping Discrete Fourier Transform to Quantum Fourier Transform

e Derivation of formula for generalized Quantum Fourier Transform
 Worked example Quantum Fourier Transform for 3 qubits

 Mapping 3 qubit Quantum Fourier Transform to quantum computing gates
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Math Review - Roots of Unity

21Ti/N

e Lletwy =e

 For a given N generate all possible values

1, wl,w? ,w3 ......... W

2mi/N 41i/N 61i/N _ 21i/N
{1, w® W€ Cw€ L. w®-De }

 Replace the continuous version of x, e*** parameterized
by s) into N vectors

vjo w_jo
Ujl a)_jl
Vjk wIk

where Kk is the coordinate index and | is the parameter that
labels each vector
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Nth Roots of Unity

e Begin with the Taylor series expansion of the exponential function
ex (2m> CcOS (27T> + 2sin (27T>
pum— _— o S /) -
N =P N N
e Compute the unit modulus

| |2 . exp ( 27Ti> exp (27Ti> exp ( 271 n 27Ti>
w = W — R - - -
N NN N N N ' n

= exp(0) =1

« Make a graphical construction of these N roots of unity
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Graphical Construction of These N Roots of Unity
The sum of all sums: %Nz_:l(wmjk =50
k=0

Construct a coordinate system in the complex plane with real and imaginary axes

AN N Im
(W)Y =w)y =1

Im ‘ (WN)k@(\wN)Q
WN
Re k

~— Re
27T
N
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Example 8" Roots of Unity Plotted on Complex Plane

wg
i
v wg w3 8 w3
a)g -1 1 a)g wg w%
wd -~/ wa
w3 w4 “8
wg
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Fourier Transforms
 FTis a mapping between two domains
— Time and frequency
— position and momentum

e Can combine many different signals each with their own
frequency, amplitude and phase

T -
s
A
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Fourier Transform for Continuous Functions

A(k)e™ ™ dk

f(x)e " dz

8- 9~
= |

/
/
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Generic Expression for Fourier Transform
and Inverse Fourier Transform

1 > -
F(s) = \/?/ flx)e ™" dx .

| > -
flx) = \/E./—mF(S) e ds .
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Application of Fourier Transform Ideas
to Digital Computers

« Continuous mathematical formulations are incompatible with digital or
guantum computers

 Computers are discrete and finite collections of bits (or qubits)
 Need to modify the continuous Fourier Transform to a digital formulation

e This digital formulation needs to ultimately be integrated into the hardware
architecture of a quantum computer

« To make this happen it means designing and building gate operations that
can be understood by a quantum computer
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Discrete Fourier Transform (DFT)

* Need to construct an equivalent summation expression that can reference the Discrete Fourier
Transform’s functionality versus the continuous Fourier Transform

« Definition: An nt order DFT is a function of an n-component vector f = (f,) that produces a new n-
component vector F = (F;) given by a formula that describes the output vector’s n-components

N—-1
Fj E\/LN z fkw‘jk j=0, 1,....N-1
k=0

» {F} provides the “weighting factors” for the expansion of f as a weighted sum of the frequencies w’

_ N-1 ik
frk = \/%ijo Fiw’

« Essentially the real functions that were used in the continuous Fourier transforms have become
complex roots of unity in the discrete Fourier transform
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Matrix Representation of a Discrete Fourier Transform
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Conseguences of Transformation from Continuous
Fourier Transform to Discrete Fourier transforms

 Three consequences
1. Integrals become sums from O to N-1. [Rather than evaluating f at real
continuous x the evaluation is over a complex spectrum vector F; that

also has N components
2. The factor _ is replaced by a normalizing factor \/iﬁ

NOTE: This choice is driven by the need for all vectors to live in the projective sphere in Hilbert
space and therefore be normalized

3. The complex roots of unity w’* replace the general exponential e's*
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Transforming from Discrete Fourier Transform to
Quantum Fourier Transform

 Defined the Discrete Fourier Transform that a given vector x € CV outputs
another vector y € CV such that

_ 1 \'N-1.. . jk
Yk = fJmaj=0 XjW

 The Quantum Fourier Transform transforms a basis set {|0>, |1>, ...{N-1>}
Into another basis set such that

N-—
I >_—z k> wik

Quantum Fourier Transforms Patrick Dreher 15

19 November 2019
21 November 2019




NC STATE UNIVERSITY

Matrix Representation of a Quantum Fourier Transform
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Derivation of the Recursion Relation for N Order QFT
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Notation
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Sample Derivation for N=3
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Group Even Terms and Factor Right-Most Bit
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Group Even Terms and Factor Right-Most Bit (cont'd)
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Generalize to “N” Even Terms
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Group Odd Terms and Factor Right-Most Bit
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Group Odd Terms and Factor nght -Most Bit (cont’d)
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Generalize to “N” Odd Terms

&f ﬁcwi .

y Gepite e
PJ w*‘f pD {ﬁdmﬂlNG st
Ny b ANE eV Ao TUEN O
2N SAPG § f-.qr.i}‘“i’ 9 x A7 ‘.
3 | (xHeed) O j ffmm:»] |(/
onn T t'::_'
\,a- WP - w ( ﬁi (L&J / i
gﬁ"w : 0 ‘J ” :? G
@ 'F') +* [ . W nv"j“}.;? |l
E:-)ﬁ GEWC(‘-Tﬂm Wm m:-l. 2.. ('l{ﬁ“ A ? ) i‘{)ﬂ\"j\ Dm 3 | ("
— X r ( 1 (w )
(s 7 \ !
) e « O &1“
H.D'u
;2 mgxgmgg:;gig Quantum Fourier Transforms Patrick Dreher 75




NC STATE UNIVERSITY

Quantum Fourier Transform Recursion Relation
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Example of a 3 Qubit Quantum Fourier Transform
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8th Complex Roots of Unity

GFT- £x-9
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General Formula for QFT and
First Factor for the 3 Oubit Exambple Construction
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Middle (2"9) Factor for the 3 Qubit Example Constructlon
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3'd (Least Significant) Factor for the 3 Qubit Example
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3'd (Least Significant) Factor for the 3 Qubit Example (cont’d)
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3'd (Least Significant) Factor for the 3 Qubit Example (cont'd)
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Building a Quantum Computing Circuit from the
Mathematics of the Quantum Fourier Transform
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QFT Quantum Gate Construction: 1st & 29 Factor
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QFT Quantum Gate Construction: 2" Factor (cont'd)
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QFT Quantum Gate Construction: 3" Factor
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QFT Quantum Gate Construction: 3" Factor
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